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Abstract: Particle dark matter could have a mass anywhere from that of ultralight
candidates, mχ ∼ 10−21 eV, to scales well above the GeV. Conventional laboratory searches
are sensitive to a range of masses close to the weak scale, while new techniques are required
to explore candidates outside this realm. In particular lighter candidates are difficult to
detect due to their small momentum. Here we study two experimental set-ups which do not
require transfer of momentum to detect dark matter: atomic clocks and co-magnetometers.
These experiments probe dark matter that couples to the spin of matter via the very precise
measurement of the energy difference between atomic states of different angular momenta.
This coupling is possible (even natural) in most dark matter models, and we translate
the current experimental sensitivity into implications for different dark matter models. It
is found that the constraints from current atomic clocks and co-magnetometers can be
competitive in the mass range mχ ∼ 10−21 − 103 eV, depending on the model. We also
comment on the (negligible) effect of different astrophysical neutrino backgrounds.ar
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1 Introduction
The search for dark matter (DM) in the laboratory is one of the most active and potentially
ground-shifting fields in experimental particle physics. A positive result will be a momen-
tous event in physics; determination of DM properties would be a step towards a more
complete understanding of Nature and would open a window into what lays beyond the
Standard Model (SM). At present, very little is known about DM and searches should be
unbiased and range far and wide in methodology and scope. Nevertheless the experimen-
tal program should use guidance from theory: well-motivated models often point towards
particular properties of dark matter and how to find it.
The driving force in this endeavour has been the search for weakly interacting massive
particles (WIMPs) with masses and cross-sections with the SM particles related to the
electroweak scale. The reason for this is three-fold: i) these candidates can be produced
in the early Universe after they lost equilibrium with the SM [1]; ii) there are natural
candidates for WIMPs in theories that try to solve the hierarchy problem of the SM [2]; iii)
DM candidates with WIMP properties may be discovered in nuclear recoils [3, 4]. Despite
years of constant progress, the current detectors have only provided bounds to these ideas,
see e.g. [5, 6]. Similarly, there has been an active search for indirect signals from WIMPs
that has crystallised into bounds on its properties, see [7, 8] for recent reviews. Finally,
the data from the Large Hadron Collider has not shown any signs of physics beyond the
SM, let alone a DM candidate. As a consequence, the DM searches are currently moving
towards other less explored, yet well motivated, territories. In particular, there is growing
interest in scrutinizing DM candidates with smaller masses, see [9–11] for recent reviews.
The present work falls into this category and presents new ideas to explore the range of
masses from sub-MeV down to the lightest masses compatible with observations.
Viable DM models are known with masses much lighter than GeV. For models based on
thermal production, cosmological observations set a limit mχ & keV [12]. Other ‘model-
independent’ (in the sense of independent of the production mechanism) bounds arise by
requiring the DM candidate to be able to form the smallest objects dominated by DM
(dwarf spheroidals). For the case of fermionic DM the possibility of localizing enough
fermionic degrees of freedom in these objects implies1 mχ & 100 eV [14, 15], the Tremaine-
Gunn bound (see also [16] for similar bounds with other methods). Concerning bosonic
DM, it should satisfy mχ & 10−22 eV to allow its de Broglie wavelength to be smaller than
the size of dwarf spheroidals. Other astrophysical observations push this limit by an order
of magnitude [17, 18], still very far away from the WIMP scale. These ultra-light candidates
are motivated as pseudo-Goldstone bosons, which would explain their low mass and also
suggests a non-thermal generation in the primordial universe. The leading candidates are
1
These bounds can be stretched a bit in more complex models, see e.g. [13].
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axions or axion-like particles [19, 20].
This large span in masses can not be explored with the techniques developed for WIMPs.
In fact, the kinetic energy in DM, Eχ =
1
2mχv
2 with v ∼ 10−3 being the typical velocity
of the DM in the laboratory frame, is not enough to produce visible effects in nuclear
recoil experiments for mχ substantially below the GeV [7, 8, 21]. A possibility to explore
smaller masses is to use electronic instead of nuclear targets to capture a larger fraction of
the DM’s kinetic energy, although these too have a lower threshold on mass of order MeV
[10, 22, 23]. Other alternatives using different physical phenomena to detect sub-MeV DM
are currently under study[22, 24–39]. Moving to the ‘ultra-light’ regime requires yet a new
battery of techniques (including relaxing the energy threshold by studying absorption, and
not only scattering, of DM), e.g. [22, 40–48]. For both light and ultra-light dark matter,
a key idea is to use very precise set-ups that may be sensitive to small or even vanishing
momentum transfer.
Atomic clocks stand among the most precise devices ever built; they are therefore prominent
candidates to search for new physics. Atomic clocks have already been used to, or suggested
to, constrain ultra-light DM candidates [40–43] and other models beyond the SM [49]. In
[40–43], the DM is assumed to be a massive scalar field that couples non-minimally to the
SM fields. In these models, the scalar field oscillates at a frequency equal to the DM mass
and/or is composed of finite size topological features that pass by the Earth. For both
cases one observes the effect of the DM as time variations of the fundamental constants
and thus of the clock frequency. Given that the fastest variations that can be measured by
clocks are of the order of a kHz, these methods are relevant for DM masses mχ . 10−13 eV
[43, 44, 50]. In contrast to the interactions probed by the aforementioned methods, here we
consider DM interactions that differentiate between the spin of the two atomic states used
in clocks running with polarized samples. These interactions produce an extra frequency
shift between these states. This effect, as in other searches with atomic clocks, does not
require momentum transfer and hence has no mass threshold, as discussed in detail in [51].
Thus, it can be used to explore masses from the lowest values allowed to a few keV, the
upper limit arising from the fact that our expected constraints become worse than existing
ones. Other complementary ideas to use quantum devices to detect light DM include
[37–39].
Atomic magnetometers monitor the spin precession of atoms around a magnetic field to
very high precision. An interaction of their atomic spins with an external field can then be
searched for if the standard electromagnetic interactions are suppressed or well determined.
Co-magnetometers achieve this by using two different atomic species in specific configu-
rations. We consider two different systems that have already been used in the search of
deviations from Lorentz invariance [52, 53]. These set-ups were recently suggested to study
axionic dark matter [54] (see also [55]). For these DM candidates, our study yields results
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similar to [54], though we give more explicit equations connecting the phenomenology to
fundamental DM-SM couplings. We also extend the analysis for the other models of DM,
which allows us to explore DM models of higher masses. The latter also include models of
fermionic DM.
One final comment is in order before moving to the body of the paper: even if our main
target are models of DM, the basic idea may also be useful to search for other backgrounds.
One such background is the neutrino flux that criss-crosses the Earth [56, 57]. At low
momentum, the distribution is dominated by cosmological neutrinos generated during the
Big Bang and that have not been directly detected yet [58, 59]. At higher energies, the
flux is mainly due to Solar neutrinos. We will briefly discuss the (bad) prospects to detect
these backgrounds with atomic clocks or magnetometers.
Our work is organized as follows: in sec. 2 we describe the effective interactions of DM
with the constituents of the experiments. We do this for different DM candidates. Sec. 3
contains a description of the atomic states of atomic clocks and magnetometers and their
time evolution in the presence of the DM background and the interactions of sec. 2. We
first describe the scattering by a flux of individual DM particles in sec. 3.1 and elaborate
on the case of large occupation numbers (low DM mass) in sec. 3.2. In sec. 4 we present
the main results of this work: it is shown how the measured frequency in atomic clocks
(sec. 4.1) and the Larmor frequency in magnetometers (sec. 4.2) are affected by the DM
background. We use this to determine in secs. 4.1.3 and 4.2.3 the sensitivity of near-future
set-ups to the spin-dependent couplings as a function of the DM mass. These bounds
are compared to other existing constraints in sec. 5. The case of astrophysical neutrino
backgrounds is briefly touched upon in sec. 6. We conclude in sec. 7, where we also present
future prospects. Appendices A-E make explicit conventions and auxiliary computations.
2 Spin-dependent interactions of dark matter with ordinary matter
As outlined in the introduction, we will consider a background that interacts with ordinary
matter distinguishing atomic states with different angular momenta2. The present section
discusses the interactions of DM and ordinary matter that depend on the spin of the latter.
We split the analysis into:
• sec. 2.1: Contact interactions and a model completion. Within an effective field theory
(EFT) scheme one can be systematic and comprehensively list possible interactions
whose effect we can estimate from the mass dimension of the operators producing the
2
Other differences between states in atomic clocks or co-magnetometers can be exploited for ideas close
to those in this work. We focus on angular momentum as the most salient difference and leave the study
of other distinctions (other couplings) for future work.
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interaction. Here we restrict to spin-dependent interactions that do not vanish in the
limit of no transferred momentum. The last condition is important since the main
observable we describe is evaluated in this limit. An EFT with contact interactions
is however not a complete picture since unspecified ‘heavy’ dynamics generate the
interactions. We make explicit a simple class of models that complete the EFT with
a dynamical mediator.
• sec. 2.2: Dark matter as an axial boson. In contrast to EFT, these models are self-
contained and potentially valid to high energies; they describe physics in terms of
a set of constants and can be tested by over-constraining their parameter space.
However, where in EFT one could be systematic in listing interactions, there is no
limit on the complexity of concrete models. A survey of models is out of scope of this
work; instead we will take two popular cases: DM as an axion-like particle or DM as
an axial vector boson.
2.1 Contact interactions in effective field theory and the light mediator case
DM couples very weakly to the known particles. The reason for this could be the same
that makes neutrinos elusive: a heavy particle mediates the interaction making the effective
coupling suppressed by the ratio of the energy of the observation to the mass of the mediator
in analogy to Fermi’s theory of beta decay. The building blocks of our effective couplings
are the DM field, χ, and the elementary fermions, ψ, present in the atom: electrons e and
up and down-type quarks q = u, d. Assuming the DM to be uncharged under the known
forces the interactions in an effective field theory (EFT) read3
Lint = −
∫
d3x
GIe e¯ΓIeJ Iχ + ∑
q=u,d
GIq q¯Γ
IqJ Iχ
 ≡ −∫ d3x∑
ψ
GIψ J Iψ × J Iχ , (2.1)
where by J Iχ we denote the Lorentz representation built out of DM fields, ΓI are the
possible Dirac structures that contracted with J Iχ make a Lorentz invariant and GIψ are
coupling constants, which have labels I and ψ to distinguish the different operators and
the SM particle they couple to. The current J Iχ itself depends on what type of particle
DM is; here we take it to be a spinless, spin-1/2 or spin-1 particle. We look for interactions
which are spin-dependent for the SM fermions, not-vanishing in the limit of zero transferred
momenta and of dimension ≤ 6. This requires a DM complex field4, which therefore has
3
We take here the theory after EWSB, otherwise eL couplings come together with ν
′
s and GuL = GdL .
4
For example the operator ψ¯γµγ5ψ∂
µ
χ
2
is proportional to the transferred momentum q so we discard
it, but ∂µχ
2
is the only current that can be built with a real field; in contrast for a complex scalar we have
two: ∂µ(χ
†
χ) and (∂µχ
†
)χ− χ†∂µχ. The second one is proportional to the sum of incoming and outgoing
DM momenta in a scattering process.
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naturally a conserved quantum number. The interactions are listed in table 1, totalling 6
operators for each charged SM fermion ψ = e, u, d.
I ψ = e, u, d DM Scalar Fermion Vector Boson
Ax. vector Jψ : ψ¯γµγ5ψ Jχ : iχ†∂µχ+h.c., χ¯γµχ, iχ†ν∂µχν+h.c.
χ¯γµγ5χ,
Tensor Jψ : ψ¯σµνψ Jχ : – χ¯σµνχ, χ†α(Σµν)αβχβ.
Table 1: Leading interactions for scattering between DM and SM fermions in the form
of operators O ≡ Jψ × Jχ of dimension ≤ 6. We only write operators that do not vanish
in the limit of zero transferred momenta. The terms σµν/2 (or (Σµν)
α
β) are the Lorentz
generators in spin 1/2 (or spin 1) space, σµν = i/2[γµ , γν ] (Σαβµν = i(η
α
µη
β
ν − ηβµηαν )).
χ
At At
e
χ
e
χ
At At
q
χ
q
Figure 1: Contact interaction of DM χ with the electron or quark components of the
nucleus of an atom denoted by At.
The operators in the EFT generate contact 4-particle interactions as shown diagrammati-
cally in fig. 1. The actual SM degrees of freedom in the experiments are atoms (At) where
quarks are confined in the bound nucleons; the connexion between the two descriptions
is given by form factors of the type 〈At| q¯γµγ5q |At〉. This connection is established step-
wise; the first stage, the quarks-to-nucleons step, can be taken by considering the RHS of
eq. (2.1) with ψ → N = n, p and GN constants related to Gq (for q2 = 0) as:
Ax. vector : Gp =0.897(27)Gu − 0.376(27)Gd, Gn =0.897(27)Gd − 0.376(27)Gu, (2.2)
Tensor : Gp =0.794(15)Gu − 0.204(8)Gd, Gn =0.794(15)Gd − 0.204(8)Gu, (2.3)
with numerical values taken from [60]. The step nucleons-to-nuclei can be found in sec. 3.1.1,
after we discuss which are the atomic elements of relevance (cf. table 2).
The extension of this EFT to a model with a dynamical mediator is straight forward for
the axial vector case. We introduce an axial vector boson A˜µ with mass mA˜ and coupling
to dark and ordinary matter as:
LA˜−χint =
∫
d3xA˜µ
(
gA˜χJ µχ + gA˜ψ ψ¯γµγ5ψ
)
, (2.4)
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where Jχ is any of the currents given in the upper block of table 1. The interaction that
this mediator generates is:
Lχ−ψ =
∫
d3x
[
−1
2
(
gA˜χJ µχ + gA˜ψ ψ¯γµγ5ψ
) gµν + ∂µ∂ν/m2A˜
∂2 +m2A˜
(
gA˜χJ νχ + gA˜ψ ψ¯γνγ5ψ
)]
, (2.5)
and the effective Fermi-like coupling of eq. (2.1) generated for heavy mA˜ reads Gψ =
gA˜ψ g
A˜
χ /m
2
A˜. For light mediators, the longitudinal mode in A˜µ cannot be neglected in general
since it couples to a non-conserved current and its Goldstone-like nature means the effective
coupling scales as (gA˜ψE/mA˜) [61–63]. One exception is the experimental set-up considered
here, which is sensitive to forward scattering and hence has zero transferred momenta
(∂ → 0). In this case actually one can extrapolate the result of the EFT, even in the
case where A˜µ is light. These considerations together with further phenomenology will be
examined in sec. 5 where we confront bounds on DM and its mediator with the sensitivity
of atomic clocks and magnetometers.
2.2 Dark matter as an axial boson
Massive axial bosons (scalars or vectors) are popular candidates for DM. This stems from
their natural appearance in different models beyond the SM and the variety of mechanisms
to generate the proper DM abundance [10, 19]. As discussed in the introduction, masses
as low as mχ ∼ 10−21 eV are compatible with observations. The couplings of the axion a
to SM fermions (ψ = e, u, d, n or p) read:
Laint =
∫
d3x
iCψmψ
fa
ψ¯γ5ψ a=
−Cψ
2fa
∫
d3x ψ¯γµγ5ψ ∂
µa, (2.6)
where the second identity is true at leading order and obtained after using the equations
of motion. For the axial vector boson, they read
LAint = g
A
ψ
∫
d3xAµψ¯γµγ5ψ . (2.7)
Cψ, g
A
ψ are dimensionless (in natural units) coupling constants and fa is the axion decay
constant. Notice that the massive axial vector boson includes a longitudinal polarization,
whose coupling is similar to that of the axion field.
3 Effects of dark matter background on atomic states
After having described the possible interaction terms between the constituents of the de-
vices and the DM background, we now move to describe their effect in the evolution of the
relevant atomic states of microwave atomic clocks and co-magnetometers.
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The states probed in atomic clocks are hyperfine-split and labeled by their different total
angular momentum F and F − 1, but they have the same angular momentum component
λ along a given axis5, which we identify with zˆ [64]. The atoms employed are alkali metals,
in particular 87Rb and 133Cs, with the outer electron in the ground state; the s-shell. The
two states of the atom will be denoted |1〉 and |2〉 and read, taking Rb for definiteness6:
|2〉 ≡
∣∣∣RbFλ 〉 = ∑
λe,λI
∣∣∣e5sλe〉⊗ ∣∣∣NclIλI〉 〈1/2, λe, I, λI |F, λ〉 , (3.1a)
|1〉 ≡
∣∣∣RbF−1λ 〉 = ∑
λe,λI
∣∣∣e5sλe〉⊗ ∣∣∣NclIλI〉 〈1/2, λe, I, λI |F − 1, λ〉 , (3.1b)
where 〈j1, λ1, j2, λ2 |J, λ〉 are the Clebsch-Gordan coefficients (non-zero for λ1 + λ2 = λ
only) and I is the nuclear spin (I = 3/2 for the 87Rb nucleus [65]). The case for Cs can be
obtained by replacing 5s→ 6s and I = 7/2 [65].
Co-magnetometers use two samples of different atomic species to constrain anomalous
dynamics in their spin as described in more detail in sec. 4.2. The set-up in [53] employs
a mixture of 3He and 129Xe; all electron shells are closed for noble gases so that the total
angular momentum comes from the nuclear spin, I = 1/2 in both cases. The spins precess
around an homogeneous magnetic field ~B which induces an energy splitting between the
spin states aligned (|1〉) and anti-aligned (|2〉) with ~B,
|2〉 = |At−1/2〉, |1〉 = |At1/2〉, (3.2)
where At stands for 3He or 129Xe. The set-up in [52] works with a mixture of K (IK = 3/2)
and 3He and is also sensitive to couplings to the electron spin of the potassium. The K
is distributed among different strongly-coupled states of the F = 2 and F = 1 multiplets.
The different states in the sample can be written as in (3.1) (the electron is in the 4s shell).
In the rest of this section we will describe the time evolution of these atomic states in
the presence of backgrounds for the interactions described in sec. 2. Depending on the
mass of the DM candidate it is more convenient to treat the interactions as a collection of
scatterings (sec. 3.1) or as atomic states evolving in a background field (sec. 3.2).
3.1 Cold light particles scattering off atoms
For masses mχ above few eV, we can describe DM as a a non-coherent collection of non-
relativistic (NR) particles virialized in a halo and with a Maxwellian distribution of veloci-
ties [7, 8]. Their interaction with the atomic states is well described as a series of scatterings
of non-relativistic particles. We deemed useful to summarize this standard material to set
5
This is determined by a magnetic field with a fixed direction with respect to the ground.
6
The internal shells do not play a role in our arguments and can be ignored.
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conventions and the connection with particle physics (see also app. A). We will take DM to
be much lighter than the atoms, mAt  mχ, which means that the discussion is also valid
for any non-relativistic particle lighter than the scatterer, e.g. for residual hydrogen atoms,
see [51] for details. In this section we focus on a single DM particle, while the considerations
about the flux of DM are deferred to sec. 4, when we discuss the observables.
We assume the DM particle χ to have 3-momentum pχ, whereas the atom’s mean mo-
mentum we denote pAt. It is convenient to describe the system with relative and CM
coordinates and momenta related to the particle’s momenta as:
pAt =
µ
mχ
P− p , pχ =
µ
mAt
P + p , (3.3)
where P is the total and p the relative momentum and µ is the reduced mass, µ ≡
mχmAt/(mχ +mAt) ' mχ. The case of light DM implies a negligible momentum transfer
to the atom (mAt  |q| ≡ |p − p′|) with p′ the relative momentum after the scattering.
This also means that the kinematics are very different from customary DM searches. The
center of mass frame is, to very good approximation, the atomic rest frame, or lab frame,
and the relative momenta that of the DM,
P = pAt +O
(
mχ
mAt
)
, p = pχ +O
(
mχ
mAt
)
, (3.4)
as clear from eq. (3.3) in the limit mAt  mχ. This also means that the atom will not
change its direction noticeably and one can describe the system by the projection onto the
atomic states of eq. (3.1) at rest and by the spatial wave-function of the DM in the lab
frame7,
|Ψ〉 = |At(t)〉 ⊗ |χ〉, Ψi(t, x) = 〈i|At(t)〉〈x|χ〉 ≡ e−iEite−iEχtci(t)χi(x) , (3.5)
where Eχ = p
2
χ/2mχ and we allow the DM wave-function to depend on the atomic state
i = 1, 2, as we will see this is the case after the scattering.
Let us start with the case of elastic scattering. For an incident DM particle in a pχ
momentum eigenstate scattering off an atomic state c1|1〉 + c2|2〉, the out-state far away
from the interaction region8 reads [51, 66]:
〈x|Ψout〉 =
∑
i=1,2
ci e
−iEit|i〉
(
eipχ·x +
fi(pχxˆ , pχ)e
i pχ|x|
|x|
)
e−iEχt, (3.6)
7
The velocity of the atoms in the lab frame is . 4 m/s in both atomic clocks and magnetometers.
8
Meaning at distances much greater than the interaction length, lint ∼ 1/mA˜; nominally this requires
a long enough time T for the DM particle to leave the target’s influence, T  10−12 eV
m
A˜
10
−3
v
s. The case of
light mediator (mA˜  mχv) is better described as a potential problem, as we do in app. C. The two results
coincide except for a a subtlety discussed in sec. 4.1.1.
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where xˆ ≡ x/|x|, pχ ≡ |pχ|, we have approximated relative momentum and position to
those of the DM as in eq. (3.4) and we omit the overall normalization factor for a plane
wave. The connection between the scattering matrix generated by the interaction and the
amplitude fi is:
fi(p
′
χ,pχ) = −
µ
2pi
Ti(p′χ ,pχ) . (3.7)
where T is the matrix element for momentum states, cf. app. A. For rotationally invariant
potentials, the only angle on which fi can depend is
cos θ = xˆ · pχ/pχ. (3.8)
For later convenience we define χouti (x) as
〈i|〈x|Ψout〉 ≡ e−iEite−iEχtci χouti (x). (3.9)
The description in terms of wave-packets extends formula (3.6) in the intuitive manner;
the unperturbed and spherical waves have probability distributions given by gaussian dis-
tributions that follow the original and a radially outgoing trajectory [66]. Given that the
outgoing momentum modulus is the same as the incoming one, there is an overlap of the
two distributions centered in the forward direction. The interference of the overlapping
waves, a genuinely quantum phenomenon, will change the probability of detecting the dif-
ferent atomic states. This will be the most relevant effect in the case of particle scattering.
Thus, in the following we will be mostly interested in the forward scattering amplitude (we
do not show the dependence on pχ to avoid cluttered formulae)
fi(0) ≡ fi(pχ ,pχ). (3.10)
The same interference is not possible in the case of inelastic scattering (ionization, level-
transitions, etc). This is because a minimum momentum transfer is required; for instance,
for a |2〉 → |1〉 transition in Rb the energy available is ≈ 6 GHz ≈ 10−5 eV, which gives
a scattered particle with mχ ∼ 10 eV a velocity shift ∆v ∼ 107cm/s and the two waves
decohere almost instantly in lab timescales.
The amplitude fi is complex, with the optical theorem
Im(f(0)) = pχσ/(4pi), (3.11)
relating its imaginary part to the cross section, with σ the integral of [66],
dσ
dΩ
= |f |2. (3.12)
For a perturbative interaction, Re(fi) is proportional to a small coupling. From (3.11)
and (3.12), Im(f(0)) is second order in the expansion and smaller than the real part by
∼ pχf (see also (A.11)). Given the feeble couplings of DM to ordinary matter, we can thus
neglect Im(f(0)) in the remainder of this work. In the following sub-sections we evaluate
the matrix elements T for forward scattering in the different cases described in sec. 2.1.
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3.1.1 Effective field theory and light mediator
Since the trajectory of the atom is not sizeably deviated by the DM, we can approximate
the atomic matrix elements to have the same in and out states. Furthermore, as mentioned
in the previous section, we are interested in the limit of forward scattering, eq. (3.10). The
calculation at first order in the couplings is straightforward for the models of eq. (2.1),
while for models with a light mediator, eq. (2.4), the Lagrangian (2.5) reduces to eq. (2.1)
with the substitution Gψ → gA˜ψ gA˜χ /m2A˜. For each interaction term one finds for the different
states i = 1, 2:
Tψ,i(0) = Gψ〈i|Jψ(0)|i〉 × 〈χ|Jχ(0)|χ〉 ≡ −Gψ ~J ψi · ~Jχ +O(v2/c2), (3.13)
where we have used the same notation as in eq. (3.10) to denote the q ≡ p−p′ = 0 limit and
we have defined the 3-vectors ~Jψ,χ. Notice also that in the expression (3.13) the currents
J (x) are evaluated at xµ = 0. We are interested in couplings such that Tψ,1(0) 6= Tψ,2(0),
since only in these cases there is a phase shift that one can measure (sec. 4.1).
The electron case is the simplest of the ordinary matter matrix elements. In the NR limit,
and for the single electron in (3.1):
〈e| e¯(0)γµγ5e(0) |e〉 = (0, 2~λe), 〈e| e¯(0)σµνe(0) |e〉 =
(
0 0
0 2ijkλke
)
, (3.14a)
where λe is the electron spin, all time-like components vanish to first order in the NR
approximation and ijk is the antisymmetric tensor in 3 dimensions with 123 = 1. Since
the matrix element is evaluated in the q = 0 limit, the result for an electron bounded in an
atom is the same as that for a free one; in general there will be a form factor as detailed
in app. B. The atomic current coming from the electrons in (3.13) is thus9,
~J ei = (−1)i
~λ
F
, (3.15)
for the states i of eqs. (3.1) and where ~λ is the average angular momentum of the atom.
The case in which DM interacts with quarks requires a step-wise connection of the quark
interactions with those for nucleons, then for nuclei and finally for the atomic states. The
first step was given in eqs. (2.2)-(2.3). For the step from nucleons to nuclei, let us consider
the state i as a given nucleus Ncl and ψ → N(= p, n). One can write
~J NNcl = 2g
N
Ncl
~I, (3.16)
where ~I is the nuclear spin and the form factor gNNcl encodes the nuclei-dependent dynamics.
One can evaluate gNNcl using the nuclear shell model, as done in [3, 4]. Here, instead, we
take the more accurate numerical values from [67], shown in table 2.
9
Specifically one has, 〈i|ψ¯γµγ5ψ|i〉 = (0, ~J ψi ) while 〈i|ψ¯σµνψ|i〉 = Diag(0, ijkJψ,ki ). To get to the
expression in (3.13) we move the antisymmetric tensor to the DM current.
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N\Ncl 3He 39K 87Rb 129Xe 133Cs
neutron (n) 1.000 -0.064 0.248 0.730 -0.206
proton (p) 0.000 -0.536 0.752 0.270 -0.572
Table 2: Numerical values for gNNcl for the different nucleons and nuclei of interest.
For the alkali elements, the states of eq. (3.1) are eigenstates of total angular momentum,
F , the sum of the nuclear and electronic contributions. The evaluation of their matrix
elements yields, for ψ = N
~JNi = 2g
N
Ncl
(
1− (−1)
i
2F
)
~λ. (3.17)
The evaluation of DM matrix elements, 〈χ|Jχ|χ〉 corresponding to the operators in table 1
is straightforward. The final results in terms of the current10 ~Jχ of (3.13) is given in
table 3. The ± symbol refers to the particle or antiparticle cases and we distinguish
between Majorana and Dirac fermions (specifically we take χ → (ηL + ηcL)/
√
2 where ηL
is left handed fermion to obtain the results for a Majorana fermion). In the list we can
see how the elements depend on either the velocity or the spin of the DM (remember we
take q = 0) and powers of mχ distinguish operators of dimension 5 (m
−1
χ ) and 6 (m
0
χ). A
unit ratio of particles and antiparticles in a medium would cause the velocity dependent
currents to cancel on average, whereas this is not the case for spin-dependent interactions.
ψ = e, q DM Scalar D Fermion M Fermion Vector Boson
Jψ : ψ¯γµγ5ψ ~Jχ : (±)~vχ (±)~vχ 0 −(±)~vχ,
2~λχ 2~λχ
ψ = e, q DM Scalar D Fermion M Fermion Vector Boson
Jψ : ψ¯σµνψ — −4~λχ −4~λχ (±)~λχ/mχ.
Table 3: Dark matter matrix elements, ~Jχ, for the different currents of table 1 evaluated
at q = 0. ‘D’ and ‘M’ Fermions refer to ‘Dirac’ and ‘Majorana’ respectively.
For latter convenience, we summarize the results of this section by writing the difference
in the forward scattering amplitudes for a single DM-atom interaction. The case of atomic
clocks reads
f1(0)− f2(0) =
mχ
pi
(
GNg
N
Ncl −Ge
)
~Jχ ·
~λ
F
, (3.18)
10
Recall footnote 9.
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where gNNcl is given in table 2 and the DM currents in table 3. GN in terms of Gu,d is shown
in eqs. (2.2)-(2.3). Regarding co-magnetometers, for both 3He and 129Xe the difference for
the states defined along the magnetic axes introduced in eq. (3.2) is
f1(0)− f2(0) =
mχ
pi
(
GNg
N
Ncl
)
~Jχ ·
~B
|B| . (3.19)
Finally, the K is in a strongly-coupled configuration which interacts with external magnetic
fields as the F = 2 states with a slower frequency, see [68] for details. To understand how
this configuration is modified in the presence of a DM background, the relevant quantity is
the difference in the scattering amplitude for two consecutive states in the F = 2 multiplet,
∆f(0) ≡ fλ(0)− fλ−1(0) =
mχ
pi
[
3
4
GNg
N
K +
Ge
4
]
~Jχ ·
~B
|B| . (3.20)
The general case for alkali metals with arbitrary F can be read from (A.8). The last
three expressions are the main results of this section: spin-dependent interactions do affect
differently the different angular momentum states in the clock or magnetometers.
3.1.2 Particle scattering in models of axial boson dark matter
In sec. 2.2 we introduced DM candidates interacting with the SM fields through the renor-
malizable terms (2.6) and (2.7). These operators yield ‘Compton’ scattering processes
between the SM fermions ψ with spin ~λψ and the DM fields through the processes shown
in fig. 2 (compare with fig. 1).
a(pχ)
ψ(pψ)
ψ
a(p′χ)
ψ(p′ψ)
Aµ(pχ)
ψ(pψ)
Aν(p
′
χ)
ψ(p′ψ)
Figure 2: Diagrams for the axial bosonic DM scattering with a fermion in the atom.
The spin-dependent part of the amplitudes in the NR limit and expanding on ma,A/mψ is
T (a)(pχ,p′χ) =−i
C2ψ
2m2af
2
a
pχ ∧ p′χ · ~λψ,
T (A)(pχ,p′χ) =−2
i(gAψ )
2
m2A
~ (pχ) ∧ ~ ∗(p′χ) · ~λψ,
(3.21)
where ~ is the space-like part of the vector boson polarization vector. The above result
can be inserted in eq. (3.7) and evaluated at pχ = p
′
χ. In this limit T (a) vanishes and the
sensitivity to scattering with axion particles is further suppressed by O(ma/mψ) factors.
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The transverse polarizations for the vector boson have a non-vanishing amplitude. The
construction −iεijki∗j in (3.21) is precisely the spin of the vector particle, λA. The above
computation can be taken for ψ an electron or a nucleon and for the clocks it yields:
f1(0)− f2(0) =
−1
pimA
(
(gAN )
2gNNcl − (gAe )2
) ~λA · ~λ
F
. (3.22)
This expression is very similar to that of the EFT case (3.18) with the substitution Gψ =
(gAN )
2/m2A. For the case of magnetometers we have, for the two states of noble gases:
f1(0)− f2(0) =
−1
pimA
(
(gAN )
2gNNcl
) ~λA · ~B
B
, (3.23)
whereas for the states in K with total angular momentum F = 2:
∆f(0) =
−1
pimA
[
3
4
GNg
N
Ncl +
1
4
Ge
]
~λA ·
~B
|B| . (3.24)
3.2 Classical field limit
The local energy density of DM is fixed by the properties of the Milky Way DM halo and
set to ρDM ∼ 0.3 GeV/cm3 in the vicinity of the Solar System. As a result, the number
density nχ ≡ ρχ/mχ grows at small DM masses. Since the spread in DM momentum should
correspond to the values of virial equilibrium, we can estimate the occupation number of
momentum states to be
Np ∼
(
15 eV
mχ
)4 ρχ
0.3 GeV/cm3
. (3.25)
The range below few eV therefore has large occupation numbers and the picture of space-
separated particles gives way to a continuum description; the DM behaves like a classical
field obeying the equations of motion11. In this situation, one no longer describes the
interaction with DM as a scattering process but as an atomic system evolving in the DM
background. To a first approximation, the latter can be considered as those of a free field.
The field is therefore a superposition of plane waves
e−iωt+i
~k·~x+iφ~k , (3.26)
with ω = (m2χ + k
2)1/2 and a momentum dependent phase φ~k. The behavior as a ‘cold’
and clustering substance at early times in these scenarios is a consequence of the initial
conditions. More concretely, a coherent massive field displaced from its minimum behaves
as cold dark matter for times much longer than the typical oscillating time (set by the
11
This picture is modified by interactions, which introduce a time scale where the classical description
is no longer appropriate [69–71]. These references do not agree on the consequence of interactions (self-
interactions or gravitational interactions) for the DM configuration in the Milky Way. We consider that
the classical description is adequate, though our methods can be applied otherwise.
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inverse of the mass) [72–75]. These configurations can be generated by a phase transition
in the primordial universe or during the last e-folds of inflation, see e.g. [10, 74, 76–78].
The distribution of the plane waves (3.26) is set by cosmic evolution and virialization in the
DM halo. They satisfy a Maxwell-Boltzmann distribution in the galactic rest frame with
a priori random phases12 [85, 86]. For instance, for the real vector field in the laboratory
frame this translates into
Aµ(x, t) =
∫
d3vF(v,vlab)nˆµ(v)e−ikµx
µ
+ c.c. (3.27)
where nˆµ(v) is a transverse (nˆµk
µ = 0) arbitrary vector including a random phase. F
represents the normalized distribution, approximated by
F(v,vlab) = N
(
1
piv20
)3/2
exp
[
−(v − vlab)
2
v20
]
, (3.28)
where vlab ≈ v ∼ 10−3, with v being the velocity of the Sun in the DM rest frame.
Finally, v0 ∼ 10−3 is the width of the distribution of virial equilibrium on the Milky
Way [85]. Given that the distribution is dominated by velocities v ∼ 10−3, any given
configuration at a particular time is coherent for 106 oscillations [76]. This defines the
mass below which the distribution behaves as a coherent medium for a time interval T ,
mcoh ≡ 10−9 eV
( s
T
)
, (3.29)
which follows from imposing that the phase of the different typical momenta differs by
less than 1 in time T . Finally, the normalization of (3.27) is set by comparing the energy
density of the configuration with ρDM .
We will consider a monochromatic wave, which gives the correct description of the effect
for the cases we will study. In particular we will take the following expressions for (real or
complex) scalars and vector bosons:
a =
√
ρχ√
2mχ
e−ikµx
µ
+ c.c., χ =
√
ρχ√
2mχ
e−ikµx
µ
, (3.30a)
Aµ =
√
ρχ√
2mχ
µe−ikµx
µ
+ c.c., χµ =
√
ρχ√
2mχ
µe−ikµx
µ
, (3.30b)
where for the complex field we have assumed it is made up of particles, if anti-particles
are also present one would add a eikµx
µ
term. The effect in the atomic states is that of
an external time-dependent background. The corresponding Hamiltonian is obtained after
substituting the previous field configurations in the interactions of sec. 2 and evaluating
them at the atom’s position. The two types of interactions considered in this work, contact
12
We ignore other inhomogeneities that may arise due condensation phenomena at different scales, e.g.
[79–84]. They do not seem relevant for the DM distribution seen by direct detection experiments.
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(sec. 2.1) and 3-body (sec. 2.2), scale differently with the amplitude of the oscillation and
therefore ρχ. Let us now make explicit the Hamiltonian they generate for a fermion ψ.
• Effective field theory. The operators in table 1 have two powers of the field and a net
non-averaging-out effect for each frequency. We collectively write the Hamiltonian of
interaction as
Hint = −
2Gψρχ
mχ
~λψ · ~J cl.χ (3.31)
where ~J cl.χ is Jχ evaluated for χ as given in eqs. (3.30) and rescaled by a factor√
mχ/ρχ which has been taken out front. With this definition ~J
cl
χ coincides with ~Jχ of
the particle description, compare table 4 and table 3. The current proportional to the
velocity can be considered constant during the time of the experiment for basically all
the masses. Indeed, for masses mχ . mcoh, a single measurement will see a particular
velocity with probability distribution given by eq. (3.28). In the opposite regime,
there is an averaging effect from different frequencies and the surviving current is the
laboratory’s velocity with respect to the DM frame. The case for the spin current is
different: the survival of the effect in the regime mχ > mcoh requires a mechanism
to produce polarized DM. The effect will tend to average out otherwise. Once again
we recall that the analysis is valid for light mediator as well with the substitution
Gψ = g
A˜
χ g
A˜
ψ /m
2
A˜, as follows from (2.5).
ψ = e, q DM Scalar Fermion Vector Boson
Jψ : ψ¯γµγ5ψ ~J cl.χ : ±~vχ – −(±)~vχ,
–
ψ = e, q DM Scalar Fermion Vector Boson
Jψ : ψ¯σµνψ ~J cl.χ : – – ±~λχ/mχ.
Table 4: DM currents for the operators of tab 1 in the classical field case as defined in
(3.31), cf. tab 3 for the particle regime. The ± signs correspond to a field made of particles
or antiparticles. The ansatz of eq. (3.30) selects the upper sign.
• DM as an axial boson. The Hamiltonians corresponding to the interactions (2.6) and
(2.7), once evaluated in the previous solutions, are
Ha = −
Cψ
√
2ρχ
fa
~λψ · ~v cos(mat+ φ0), HA = 2gAψ
√
2ρχ
mA
~λψ · Re[~ e−imAt+iφ0 ], (3.32)
where we have introduced an arbitrary constant phase φ0. These cases scale linearly
with the amplitude of oscillation.
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The main difference between the two cases is the oscillating contribution for axial bosons
that always averages out the effect at leading order for times t  2pim−1a,A, much shorter
than the decoherence time. This is due, both to the interaction being 4-point vs the 3-
point interaction of the axion and the fact that the interactions do not vanish with q→ 0.
This last remark is less evident so let us illustrate it with a real scalar field χ and the
interaction ψ¯γµγ5ψ∂
µχ2 which we discarded in table 1 since indeed it vanishes for q = 0.
If one inputs the monochromatic solution χ = χ0 cos(kµx
µ) in this operator the outcome
is an interaction that averages-out despite being 4-body.
In the cases in which the DM effect is constant during the measurement time, the con-
tribution can be easily understood as a energy splitting of atomic states analogous to the
Zeeman effect. For instance, for the case (3.31) and the two states of (3.1)
δE2 − δE1 =
2ρχ
mχ
(
GNg
N
Ncl −Ge
) ~J cl.χ · ~λ
F
. (3.33)
The time dependent cases have averaging effects and may display resonant behaviour; we
discuss the former in the next section while we leave the latter for future study.
4 Atomic clocks and magnetometers in the presence of light dark matter
We now describe how the effects discussed in the last section can be used to constrain the
possible interactions of DM with matter from experiments. We present the atomic clocks in
sec. 4.1 and magnetometers in sec. 4.2. More details for the case of atomic clocks are given
in the accompanying paper [51]. The bounds we will derive do not require an improvement
of current technology, but a reinterpretation of current data or modifications of existing
devices. The comparison with existing constraints is deferred to sec. 5.
4.1 Atomic clocks in the presence of light dark matter
The scattering of background-gas particles is already recognized as a source of systematic
uncertainty for atomic clocks [64, 87–89]. These effects modify the clock operation, be it
by frequency shifts or losses of fringe amplitude, as shown in detail in Ref. [51].
In this section we make explicit how the spin-dependent interactions with DM on the two
hyperfine-split states (3.1) affect the atomic clock’s operation. In particular we focus on a
Ramsey sequence, schematically displayed in fig. 3. In this sequence, atoms in the ground
state |1〉 are subjected to a light pulse of frequency ω for a time t1 such that they come
out in a superposition state. The latter is left free for a long time T (the fiducial time is
T ≈ 0.5 s) except for the possible interaction with the background and other noise sources.
Finally another pulse of the same specifications as the first one is applied and the final
state is measured.
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pχ
pi/2 pulse
p′χ
1√
2
−i√
2
t1 T
pi/2 pulse
t1
1−ei∆ωT
2
1+e
−i∆ωT
2i
Figure 3: Scheme for the Ramsey sequence. The horizontal axis represents time. In
orange (blue) we depict the ground (excited) state |1〉 (|2〉). During the Ramsey time T
the atoms can interact with DM particles of momentum pχ. See main text for details.
In the absence of new interactions, the standard choices for the Ramsey sequence yield the
probabilities of detection for each state at the end of the process [90]
P1 = sin[∆ωT/2]
2, P2 = cos[∆ωT/2]
2, (4.1)
where13
∆ω ≡ ω − (E2 − E1). (4.2)
The light frequency ω can be locked to the energy split by adjusting it to the value ωmax
that maximises P2. In the presence of a background, be it particles or a field, the evolution
of the system is modified as made explicit in the respective subsections below.
4.1.1 Particle dark matter
Since the free-fall time between pulses T is much larger than the duration of the pulses
t1 we look at DM particle scattering during the interval T . Up to irrelevant phases, the
wave-function of the DM-atom system after the second pulse is
Ψ1(t, x) =
1
2
(
χout1 (x)− ei∆ωTχout2 (x)
)
, (4.3)
Ψ2(t, x) =−
i
2
(
χout2 (x) + e
−i∆ωTχout1 (x)
)
, (4.4)
where the out states are given in eqs. (3.6) and (3.9).
As previously remarked, the leading effect will come from forward scattering where there
is no momentum transfer and the trajectory of the atoms is unchanged. The detection
13
The reader acquainted with neutrino physics might find the following analogy useful: the light pulses
can be taken to be “production” and “detection” with the association of the outcome states (superposition
of energy states) to the interaction basis. During the longer time T the system oscillates freely. The
probabilities in eqs. (4.1) can be interpreted as the outcome of oscillations where nonetheless we can ‘tune’
the energy difference via ω.
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probabilities in each of the states at the end of the sequence when subjected to a flux of
DM particles read:
P2 =
∫
d3x|Ψ2(t, x)|2 = cos[∆ω T/2]2 +
pinχv T
pχ
Re[f¯1(0)− f¯2(0)] sin[∆ωT ], (4.5)
P1 =
∫
d3x|Ψ1(t, x)|2 = sin[∆ω T/2]2 −
pinχv T
pχ
Re[f¯1(0)− f¯2(0)] sin[∆ωT ], (4.6)
where nχ is the DM particle density nχ = ρχ/mχ and nχv T is the DM flux per unit
area around the atom. Notice that the pre-factors in the DM contribution are velocity
independent and that the probabilities P1, P2 add up to 1 at this order. The averaged
amplitude f¯ is
f¯i(0) =
1
Nsc
Nsc∑
a
fai (0) , Nsc =
nχv T
κ
' 1012
(
T
s
)(
eV
mχ
)3( ρχ
0.3 GeV/cm3
)
, (4.7)
where Nsc counts the number of scatterers that pass by the atom and κ is the DM probabil-
ity flux per unit area at the atom’s position14. To estimate Nsc, we considered a dispersion
in momentum of the order of mχv0. We note that Nsc ∼ 1 marks a threshold in DM mass,
msc ≡ 10
(
T
s
)1/3( ρχ
0.3 GeV/cm3
)1/3
keV. (4.8)
Above this mass value, DM particles are too sparse for a single atom to encounter more
than one of them in time T . In this regime Nsc should be taken as a probability: if there
are Nat in the experiment NscNat of them will be traversed by DM wave-packets, which
in turn means that for Nsc < 1 the signal deteriorates as Nsc. For smaller masses there
will be a large number of scatterers per-atom and the final effect depends on whether the
interactions add up or average out in (4.5) and (4.6). In the case in which the interaction
depends on the velocity of DM there is a coherent contribution from the different scatterers
representing the velocity of the detector with respect to the DM rest frame, v¯ ∼ v. For
DM-spin-dependent case, ~Jχ ∝ ~λχ, the net effect tends to average out unless there is a net
polarization of DM. If DM is unpolarized and the spin of each scatterer is taken to be a
random variable, the effect diminishes as 1/
√
Nsc for each atom, the DM being a source
of ‘noise’. Furthermore, even in the case in which Nsc ∼ 1, the device is composed of Nat
atoms (a standard value is Nat ∼ 106). A key question for the averaging is whether each
atom sees different DM particles or if some of them are the same. To determine this we
estimate the number of atoms that a DM particle sees as it flies through the sample. This
14
For a Gaussian wave-function with spread d, Ψ ∼ e−(p−p0)
2
d
2
, one has κ = 1/(2pid
2
) at the center of
the distribution. As described in more detail in [51], Nsc is modified for mχ & 104 eV, since at these masses
the wavepacket’s size is smaller or of the order of the size of the atom at the relevant temperatures (µK)
for clocks, d ≈ 10−8 m. Our bounds are never competitive at these ‘high’ masses, and we only consider the
limit described above. Magnetometers operate at much higher temperatures and hence are more localized.
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is the volume of the experiment that the DM packet sweeps times the atom’s density. For
a contact interaction and a sample of size L, this number is L/(mv)2×Nat/L3. For atomic
clocks, L ∼ cm, Nat ∼ 106, and above ∼ O(10) eV every atom sees different DM and so
the total suppression is 1/
√
NatNsc. This will not be the case for co-magnetometers due to
the high density of atoms. On the other hand if DM is polarized the effect is unsuppressed,
yet the dynamical process to obtain such polarization is unclear15. Finally, a coherent
signal for times longer than T may be important for different observables. For instance, if
we want to use daily modulation of the signal.
The case of a light mediator, mχv  mA˜, generates different thresholds. As discussed in
app. C, the atom sees not only the DM that passes over it (impact parameter < mχv),
but also that within a 1/mA˜ radius. The effect of this extra shell is the same as that in
eqs. (4.6) and (4.5), but the average is now over N ∼ nχl3int = nχ/m3A˜ DM particles. The
equivalent of eq. (4.8) is thus
mmed ≡ (10−2eV/mA˜)3 eV, (4.9)
and one should also be careful when computing the amount of atoms seen by a DM particle.
The modification of the detection probability present in (4.5) changes the pulse frequency
that maximizes P2. For the EFT four-point interaction case and the light mediator:
Contact Interaction or Light Mediator, ∆ωmax =
2ρχ
mχ
(
GNg
N
Ncl −Ge
)
~¯Jχ ·
~λ
F
, (4.10)
where ∆ωmax ≡ ωmax− (E2−E1), and we have used (3.18). From this expression it follows
that the effect can be interpreted as a contribution to the energy difference of the two
states, just like eq. (3.33) in the classical case; what is more, the two expressions are the
same, since ~Jcl.χ = ~Jχ as given in table 4. This suggests a smooth transition from the
particle to the field description – even though our expressions are not strictly valid for
intermediate occupation numbers.
For the case of axial vector, in the limit of particle description mA > 10 eV, from (3.22)
Axial Vector, ∆ωmax = −
2ρχ
m3A
(
(gAN )
2gNNcl − (gAe )2
) ~¯λA · ~λ
F
. (4.11)
Here λ¯A is the averaged spin over scatterers and atoms in the sample, which yields the
same suppression as in the unpolarized case of the spin-spin interaction of the EFT.
Finally, as we emphasized before, the effects of (4.10) and (4.11) are present even if the
momentum transfer is zero. This is an important difference as compared to various tra-
ditional DM searches based on scattering of DM, which allows one to explore light dark
matter scenarios.
15
One can speculate about the possibility of DM interacting with the galactic magnetic fields and acquiring
a net polarization. Determining if this is allowed by current constraints is beyond the purpose of this work.
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It is worth pausing and pondering the nature of the effect we described, specially in contrast
with conventional DM direct detection searches. We focus in the case in which the mediator
is much heavier than DM so that the EFT applies; that is m2χG ∼ (mχ/mA˜)2  1. In
conventional WIMP DM searches the number of events N is the product (total flux)×(cross
section(σ))' flux×m2χ/m4A˜, so that N can be taken to be the number of particles that pass
within a radius r ∼ mχ /m2A˜. The effect in atomic clocks on the other hand modifies
the probability as the product (flux) ×(scattering amplitude(T ))/(velocity) ' nχT/m2A˜ as
made explicit in eqs. (3.7) and (4.5). This effect is proportional to the potential generated
by the DM particles within a radius r ∼ 1/mA˜. This is indeed analogous to neutrino
forward scattering and hence a ‘GF ’ effect as opposed to the ‘G
2
F ’ effect in WIMP searches.
This remark is aimed at providing some intuition about the effect at high masses. Notice,
however, that the searches here described are not competitive for conventional WIMP
parameters (see below).
4.1.2 Dark matter in the classical field limit
In the classical field limit, the contact interactions of the EFT in table 1 have a non-
vanishing average value which contributes to the hyperfine splitting, eq. (3.33). Hence, the
formulae (4.1) are simply modified by adding the quantity (4.2) to the energy difference:
Contact Interaction or Light Mediator, ∆ωmax =
2ρχ
mχ
(
GNg
N
Ncl −Ge
)
~J cl.χ ·
~λ
F
. (4.12)
This result coincides with that of the particle regime, (4.10), with the substitution ~Jχ 7→
~J cl.χ , and ~J
cl.
χ can be thought of as the macroscopic average of the microscopic property ~Jχ.
Also in this case the current ~J cl.χ may average out if it is not coherent during the Ramsey
sequence. For the vector case χµ this means that mχ . mcoh, cf. (3.29). As explained, in
sec. 3.2, for the velocity current we do not have this extra caveat since the velocity of the
detector with respect to the reference frame of the galaxy will emerge in the average of the
different flows for masses above mcoh.
In contrast, in the axial boson case the interaction Hamiltonian generated by the DM
oscillates around 0. In this situation, the evolution of the atom’s wave-function generates
the probabilities (at first order in the interactions):
P2 = cos[∆ω T/2]
2− Cψ
√
ρχ
2
√
2fama
(
~J ψ1 − ~J ψ2
)
· Im
[
~v e−iφ0(e−imaT − 1)
]
sin[∆ωT ], (4.13)
P1 = sin[∆ω T/2]
2+
Cψ
√
ρχ
2
√
2fama
(
~J ψ1 − ~J ψ2
)
· Im
[
~v e−iφ0(e−imaT − 1)
]
sin[∆ωT ], (4.14)
where ∆ω is defined in (4.2). The axial vector boson case is obtained substituting−Cψ~v/(2fa)→
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gAψ~/mA. Assuming that ∆ω T  1, one can write the shift of frequency as
Axion (2.6), ∆ωmax = −
(
CNg
N
Ncl − Ce
)√
2ρχ
fa
1
T
∫ T
0
dtRe[
~λ · ~v
F
e−imat−iφ0 ], (4.15)
Axial Vector (2.7), ∆ωmax =
2
(
gANg
N
Ncl − gAe
)√
2ρχ
mA
1
T
∫ T
0
dtRe[
~λ · ~
F
e−imAt−iφ0 ]. (4.16)
From these expressions it is clear that for ma,A & 10−15(s/T ) eV there is a loss of sensitivity
inversely proportional to the mass16. Similarly, recall that non-coherent effects appear after
106 oscillations. This is important if we use daily modulation of the signal to detect the
background. From (3.29), coherence of one day requires masses below ∼ 10−14 eV.
4.1.3 Sensitivity of atomic-clocks to dark matter interactions with matter
After having identified the frequency ωmax that maximises P2 as our handle on the in-
teractions between the atomic clock and the background, we now examine the size of the
interactions that can be measured by current devices.
The main effect is absent in unpolarised atoms, as can be seen in eqs. (3.15) and (3.17).
One thus needs to run the clock on spin polarized states, as done routinely to calibrate
for magnetic effects [64, 87]. The resulting magnetic sensitivity reduces the performance,
but in the dual fountain clock FO2 [87], running simultaneously on 133Cs and 87Rb, this
limitation can be overcome by a particular combination of the observables whilst retaining
sensitivity to the DM interaction, as we now explain. When a polarised sample is selected
by the use of magnetic fields one generates the energy difference [64]
∆E(B) ≡ E2(B)− E1(B) = µB (ge − gI)
~B · ~λ
F
, (4.17)
where µB is the Bohr’s magneton and ge and gI are the electron and nuclear Lande´ factors.
The previous expression resembles the effect of DM, in particular both depend on total
angular momentum in the same way, cf. eq. (3.18). To resolve this degeneracy, one can
compare the effect in two different atoms in the same λ state, e.g. Rb (F = 2) and Cs
(F = 4). The ratio of magnetic energy shifts is dominated by the electron contribution,
and given by ∆ERb(B)/∆ECs(B) ' 2 to order ∼ 5 × 10−4 [64]. The same ratio in the
case of DM reads: 2
(
GNg
N
Rb −Ge
)
/
(
GNg
N
Cs −Ge
)
. In the coupling to quarks we have
gNRb/g
N
Cs − 1 ∼ O(1), cf. table 2, and the effect can be distinguished from the magnetic
shift without further suppression (barring the tuned case where the couplings produce the
same effect as in the SM). The electron case is partially degenerate with the magnetic shift
which deteriorates the sensitivity by a factor ∼ 5× 10−4.
16
One could in principle look for resonant effects at all mass scales by tuning ∆ω to the mass scale. We
do not discuss this possibility here.
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Furthermore, since the computation of E2 − E1 entering in (4.2) can not be performed to
sufficient accuracy for the atoms of interest, one can not use absolute information about
∆ωmax to hunt for interactions during the Ramsey process. In other words, if the effect of
the DM is constant, it can not be distinguished from atomic effects. There are different
ways to overcome this difficulty. First, if the DM currents produce a coherent effect lasting
for several hours one can look for changes in the scalar product of the spin of the probe
with the DM current. These are present since the polarization of the sample is selected
by a magnetic field pointing in a fixed direction rotating with the Earth. These variations
can be measured by comparing with clocks working with unpolarized states, insensitive
to the interactions we considered. Notice also that the relative variations are O(1) and
that this search strategy is that of Lorentz violation searches, see app. E. This can be
used to confirm the DM origin of a signal by placing the detector at different latitudes
or changing the direction of the magnetic field17. Secondly, the non-coherent part of the
currents represents an irreducible source of noise for the clock. Thus, instead of looking
for the effect of the DM in the precise value of ∆ωmax, one can use the level of the noise
to bound its interaction with the sample. The disadvantage of this approach is that the
effect is reduced by the standard suppression factor related to noise sources.
The precision on the phase achieved in Rb/Cs clocks is ∆ωexpmax . 10−5 rad/s [87, 91].
This requires combining data taken over ∼ 106 s, while each measurement lasting 0.5 s has
a precision of ∆ωexpmax . 10−3 rad/s. For the contact interactions and models with light
mediator of sec. 2.1, we can plug the best clock precision into (4.10). After combining the
Cs and Rb results to suppress the magnetic sensitivity, one gets:
GψJ¯χ < 3× 103
1
Υψ
FRb
λ
(
∆ωexpmax
2× 10−5rad/s
)(
0.3 GeV/cm3
ρDM
)(mχ
eV
)
GeV−2. (4.18)
The factor Υψ depends on the coupling that we are considering. For nucleons, it repre-
sents the difference ΥN ≈ gNRb − gNCs ∼ 0.5(n), 1.3(p) cf. table 2. For the electron, it
represents the suppression from the degeneracy with magnetic effects, Υe ≈ 5× 10−4. The
previous expression is also valid for the A˜µ-mediated interactions with the substitution
Gψ = g
A˜
ψ g
A˜
χ /m
2
A˜, recall (2.5). It also holds for the particle and field regimes (4.12) of
the EFT case once J¯χ is regarded as a generalized average (or classical current). As we
discussed before, this current may include an extra source of suppression depending on the
nature of the interactions and the DM mass. These bounds are compared with existing
ones in sec. 5.2, figs. 6 and 7.
The previous analysis applies for the particle regime of the models of DM as an axial boson.
However, even the most promising case of the axial vector does not produce competitive
17
Other effects related to annual modulation or, for strong enough interactions, shielding of DM by the
the Earth or extra-shielding may be used as extra confirmation of the astrophysical origin of the effect.
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bounds, as can be shown by the substitution Gψ ~Jψ → g2ψ/m2A~λA (eq. (4.11)). The conclu-
sion is different in the ultra-light mass regime. For the cases of configurations coherent for
at least several days (we take 10 days as a very conservative limit), ma,A . 10−15eV, the
expressions (4.15) and (4.16) yield
fa
Cψ
& 1.6× 105Υψ
λ
FRb
(
2× 10−5rad Hz
∆ωexpmax
)√
ρDM
0.3 GeV/cm3
(
v
10−3
)
GeV, (4.19)
gAψ . 3× 10−38
1
Υψ
FRb
λ
(
∆ωexpmax
2× 10−5rad Hz
)√
0.3 GeV/cm3
ρDM
(
mA
10−20eV
)
, (4.20)
for the axion and axial-vector couplings in sec. 2.2. These bounds are compared with
present bounds in sec. 5.1, figs. 4 and 5.
Finally, it is common practice to compare the sensitivity of experiments looking for DM in
the plane ‘DM mass-cross section’. Atomic clocks are mostly sensitive to forward scattering
amplitudes whose connection to total cross-section is model dependent. To establish it,
we start from the standard relation between the matrix element and the differential cross-
section, eq. (3.12). For the cases with a ‘light’ mediator we can approximate
dσ
d cos θ
' 2pif(0)
2(
q2/m2A˜ + 1
)2 , (4.21)
where we have neglected the q dependence in the numerator, valid for an estimate in the
cases here discussed. The limit of contact interaction corresponds to mA˜  q. The bound
we established applied for differences of amplitudes. If the leading contribution to the
cross-section does not cancel in these differences, the expression (4.18) translates into
dσN
d cos θ
≤ 6× 10
−39(
q2/m2A˜ + 1
)2
[(
∆ωexpmax
2× 10−5rad Hz
)(
0.3 GeV/cm3
ρDM
)(mχ
eV
)2]2
cm2. (4.22)
In the previous expression there will be a factor O(gNRb/gNCs − 1)2 ∼ 1 that we ignore.
The sensitivity in the case of electrons is worsened by a factor 107. One sees that if the
mediator is lighter than the momentum transfer of the process q, the sensitivity to cross
section improves. This fact, together with the quick sensitivity improvement as one moves
to lower DM masses, will be relevant when contrasting atomic clocks with other bounds
and searches in sec. 5.
The cross-sections (4.22) may be large enough to generate scattering or absorption by the
Earth or the atmosphere. The total cross-sections for which this starts being important
are [39, 92–94]
σ⊕ ∼ 10−35 cm2, σatm ∼ 10−28 cm2. (4.23)
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Depending on the model, DM can be absorbed or thermalized at higher cross sections,
which modifies the properties of the distribution at the detector. For our experimental set-
ups, only the possibility of distortions by the atmosphere may constitute a real challenge,
and we will always work with σ < σatm. This limit may be overcome by using atomic
clocks in space, which is already planned for other tests of fundamental physics [95, 96].
4.2 Magnetometers in the presence of light dark matter
The use of magnetometers to constrain axionic DM of very small masses was already
suggested in [54]. Here we extend this analysis in two ways: first, we provide the nuclear
factors that connect the bounds to fundamental couplings. Secondly, we consider the
different DM candidates of sec. 2, including the regime of particle scattering. As mentioned
in sec. 3, we will focus on the set-ups [52, 53]. An important remark is that these devices
operate with a number of atoms many orders of magnitude larger than for atomic clocks.
4.2.1 Particle dark matter
For the set-ups that we will consider, it is important to understand how the spin states
behave when exposed to DM collisions. The spin states are interacting with a magnetic
field and hence evolving according to the Hamiltonian:
Hint = −γ ~B · ~λ , (4.24)
with ~λ the total angular momentum operator and γ the gyromagnetic ratio of a given atom.
Let us consider the interaction within a time interval t with the DM particles of number
density nχ. In the approximation of elastic scattering, the time evolution after a single
passage of a DM particle off an atomic state (which we describe in the basis of energy
eigenstates (3.2)) is given by eq. (3.6). The time evolution of the average for a given
atomic observable Oˆ is found by tracing over the DM states. Assuming a flux of DM as
done in (4.7), to first order in the amplitudes fi,∫
d3x|χ(x)|2〈At(t)|Oˆ|At(t)〉 = 〈At0(t)|Oˆ|At0(t)〉+
i2pinχv t
pχ
〈At0(t)|
[
Oˆ , fˆ
]
|At0(t)〉, (4.25)
where we used Oˆ† = Oˆ and |At0(t)〉 is the standard evolution without scattering. The
operator fˆ is defined as
fˆ |i〉 = f¯i(0)|i〉, (4.26)
where f¯i(0) was introduced in (4.5). Only if f¯i(0) depends on the spin state there will be an
effect at this order. Since fˆ and Hint are already diagonal in the spin basis, the new effect
is a modification of the precession of the atom spin. To illustrate this, take the spin-1/2
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states of (3.2) and a small time interval δt such that (4.24) and the DM effect are treated
as a perturbation. The operator ~λ evolves as
δ〈~λ〉 = δt
(
(E2 − E1)−
2pinχv
pχ
(
f¯(0)2 − f¯(0)1
)) 〈~λ〉 ∧ ~uB , (4.27)
where ~uB = ~B/|B| and E2 − E1 = γ|B| is the Larmor frequency. For higher spins states
we note that f2− f1 is the difference in decay amplitudes for states differing by one unit in
their spin along the magnetic field direction and the equivalent of eq. (4.27) contains ∆f
as in eqs. (3.20) and (3.24).
Therefore, the effect of the DM scattering is a modification of the magnetic field to an
effective field β which modifies the precession frequency ω
β ≡ B + 2pinχ
mχγ
(
f¯(0)1 − f¯(0)2
)
, ω ≡ γβ = γ
(
B +
2pinχ
mχγ
(
f¯(0)1 − f¯(0)2
))
. (4.28)
The contribution of DM effects to the frequency reads as in the atomic clock case, eqs. (4.5),
(4.6) and (4.10). Indeed, one can think of both experiments as sensitive to DM via the
measure of the atomic state’s energy split. The expression for the difference of amplitudes
is given in eq. (3.19) for the EFT in terms of the DM current Jχ which can be either its
velocity or spin and in eq. (3.23) for the axial vector boson case. The expression for the
average f¯ is given in eq. (4.7).
The He-Xe co-magnetometer described in [53] measures the deviations from magnetic cou-
plings by comparing the Larmor frequencies of the two noble gases. In our case, using
eq. (4.28) and eq. (3.19) one obtains:
ωHe −
γHe
γXe
ωXe =
2ρχ
mχ
GN
(
gNHe −
γHe
γXe
gNXe
)
~¯Jχ · ~uB , (4.29)
where J¯χ is given in table 3 for the EFT. In the axial vector mediator Gψ → gA˜ψ gA˜χ /m2A˜.
The self-compensating K-He magnetometer of [52] is sensitive to the different shift from
the magnetic field for electrons in K and the He nucleus. For K, the effective magnetic
field reads:
βe = B + 2
ρχ
mχ
3GNg
N
K +Ge
4γe
( ~¯Jχ · ~uB) , (4.30)
where γe is the electron gyromagnetic ratio. In contrast, for He the nuclear spin gives the
main contribution and the effective field it feels is:
βHe = B + 2
ρχ
mχ
GNg
N
He
γHe
( ~¯Jχ · ~uB) . (4.31)
In the difference βe−βHe the magnetic field cancels and one has a clean probe of DM effects.
Given that γHe/γe ∼ me/mN , the sensitivity to DM-electron interactions is considerably
worse than the nucleon’s one, as in the atomic clock case.
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The average effective magnetic field β depends on the type of DM current as detailed in
the atomic clock case; a key difference is that the number of atoms that a DM particle
sees is very large Nat/(Lmχv)
2  1 given Nat ∼ 1022 (for He in K-He, L ≈ cm is the
size of the sample). The total number of un-correlated18 events or crossings is then not
NatNsc but rather this quantity divided by the number of atoms that one DM particle sees,
Nsc(Lmχv)
2, which is independent of Nat. The ‘noise’ suppression is then 1/(
√
NscmχvL).
4.2.2 Dark matter in the classical field limit
For very low DM masses the field behaviour of DM induces an extra interaction term in
the Hamiltonian. The simplest instance to deal with is the case in which the perturbation
is time independent, where (4.24) is complemented by (3.31). This means in practice
an ‘anomalous’ magnetic field around which the spin will precess and a modified Larmor
frequency. Take He for instance, the energy states of the total Hamiltonian have a splitting
E2 − E1 = ωHe =
∣∣∣γHe ~B + 2gNHenχGN ~J clχ ∣∣∣ ' γHeB + 2nχgNHeGN ~J clχ · ~uB , (4.32)
and we recover (4.31) with ~¯Jχ → ~J clχ . We notice that the effect is proportional to the DM
current projection onto the magnetic field. The relevant quantities for He-Xe and K-He
co-magnetometers read:
ωHe −
γHe
γXe
ωXe =
2ρχ
mχ
GN
(
gNHe −
γHe
γXe
gNXe
)
~J clχ · ~uB , (4.33)
and
βe − βHe = 2
(
3GNg
N
K +Ge
4γe
− GNg
N
He
γHe
)
ρχ
mχ
( ~J clχ · ~uB). (4.34)
The axion and axial vector boson cases at low masses generate the time dependent Hamil-
tonian (3.32). In the limit ma,A  2pi/t, the effect can be taken constant and is given by
the substitution Gψρχ ~Jχ/mχ → Cψ√ρχ ~v /
√
2fa (axion), Gψρχ ~Jχ/mχ → gψ
√
2ρχ~ /mA
(axial vector boson) in eqs. (4.33,4.34). For He-Xe, 7 measurement runs, each lasting
∼ 24 hours, are performed [53]. The total time of observation is t ∼ 106 s. For the K-He
co-magnetometer of [52], each data point is determined in ∼ s, the runs last for several
days, and they used data spanning t ∼ 143 days for their constraints. For larger masses,
the DM field oscillates during the experiment’s data taking and the search strategy differs
from the conventional searches for a constant background [54]. We describe this case in
more detail in app. D.
18
In the case of the K-He co-magnetometer atomic collisions might correlate some of the events discussed
here. We ignore such possible correlations in our order of magnitude estimates.
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4.2.3 Sensitivity of magnetometers to dark matter interactions with matter
The two cases described in the previous sections generate the same effect as a frame anoma-
lously coupled to spin; an apparent violation of Lorentz symmetry, in our case generated
by the DM ‘medium’. The different systematics for constraining such frame with daily
modulation effects in co-magnetometers have been considered in searches for Lorentz vio-
lation [52, 53, 97]. Their results are easily translated to bounds in DM-SM couplings for a
certain mass range, see also [54]. We make this comparison more explicit in app. E.
The results in [53] imply ∆ω/2pi = 4× 10−10Hz for the frequency difference in eq. (4.33).
This translates into a bound on the coupling of DM. One gets:
GψJ¯χ < 0.35
1
Υmψ
(
∆ω
2pi × 0.4 nHz
)(
0.3 GeV/cm3
ρχ
)(mχ
eV
)
GeV−2, (4.35)
where the constant Υmψ is an order one factor (similar to Υψ for atomic clocks in (4.18));
e.g. for He-Xe, sensitive to nucleon couplings ψ = N , one has (gNHe − gNXeγHe/γXe). Let
us emphasize that this estimate is valid for both the particle and field regimes. When
compared with the bound from eq. (4.18), we notice that the magnetometers are orders
of magnitude more sensitive than atomic clocks when we study the same averaged current
J¯χ. On the other hand for axions and axial bosons:
fa
Cψ
& 3× 109Υmψ
(
∆ωexpmax
2pi × 0.4 nHz
)√
0.3 GeV/cm3
ρDM
(
v
10−3
)
GeV, (4.36)
gAψ < 2× 10−42
1
Υmψ
(
∆ωexpmax
2pi × 0.4 nHz
)√
0.3 GeV/cm3
ρDM
(
mA
10−20eV
)
, (4.37)
to be compared with (4.19) and (4.20).
The K-He co-magnetometer of [52] has a sensitivity a factor 4 less precise (cf. app. E) but
is also sensitive to the couplings to the electron spin. As shown explicitly in (4.34), the
ratio γHe/γe implies that the bounds on the couplings to electrons are also suppressed by
an O(10−3) factor. When extending the bounds in [52, 53] for constant background during
the campaign to other situations we will focus on the K-He since its sensitivity to measure
anomalous magnetic fields has been established as 2 fT/
√
Hz [52], while that of He-Xe at
short times is harder to determine.
5 Comparison with present bounds
We now compare our estimates with previous bounds, both for electron and nucleon inter-
actions. For nucleons we chose to display the neutron case in the figures of this section; the
proton is obtained by the order one rescalings Υ(m)p /Υ
(m)
n , with Υ
(m) as in in eqs. (4.18-4.20)
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((4.35-4.37) for magnetometers), given by differences of the nuclear form factors in tab. 2.
Since the sensitivity is better at low masses we focus on sub-MeV DM scenarios. Finally,
as shown in tables 3 and 4, the velocity dependent interactions require an asymmetry in
the number of particles-antiparticles of DM.
5.1 Axial fields at small masses
Let us start with the bounds of expressions (4.19), (4.20), (4.36) and (4.37) for axion and
axial bosons at very low masses. A recent summary of constraints on these models can
be found in [98]. Our results are summarized in figs. 4 and 5. We focus on the cases
coherent for one day (to detect the modulation) and that do not oscillate during the time
of each measurement. For the atomic clocks T ∼ 0.5 s, the same order of magnitude as for
K-He [52]. We thus restrict to ma,A < 10
−15 eV. Coherence during 106 seconds starts to
deteriorate above ∼ 10−16 eV [54]. However, the sensitivity decreases mildly in the range
of masses here considered, and we neglect this effect. Finally, the results in [52, 53] assume
that the effect remains constant for several hours, ma,A < 10
−20 eV. In the case of [52], the
measurement takes place at scales of seconds and hence the bounds remain essentially the
same for masses up to 10−15 eV. This is not so for [53] (see app. D and ref. [54]). Since
the bounds of the two experiments differ by a factor 4, we focus on the K-He case and the
larger span of masses.
For the axion case, the limits here presented for current sensitivity are weaker than other
astrophysical bounds, but are in some cases stronger than other laboratory experiments.
This is true for both the couplings to electrons and neutrons. In the latter an order of
magnitude improvement of sensitivity in magnetometers would change the picture.
The expressions (4.20) and (4.37) bound the coupling to an axial vector boson. In this
case we find they exceed all other bounds for nucleons, whereas for electrons they are at
the same level as the strongest constraints as shown in fig. 5. In the plots we only compare
with the bounds from star cooling by emission of the axial boson Aµ, since the rest of
constraints are much weaker. This process is dominated by the longitudinal mode at low
masses given that its coupling is enhanced as (E/mA). This means that one can translate
the bound on the axion decay constant fa/Cψ ≥ 109 GeV by using 2fa/Cψ ∼ mA/gAψ .
5.2 Models with an axial spin-1 mediator
The models including a mediator are subject to extra constraints from the DM-DM and
SM-SM interactions. Here we focus on the cases with an axial vector boson A˜µ mediator,
eq. (2.4). We will explore the scalar and fermion models with J µχ = iχ†
←→
∂ µχ and J µχ =
χ¯γµγ5χ respectively. We drop the superindex A˜ in g
A˜
ψ to avoid cluttered expressions in the
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Figure 4: Expected bounds for the coupling of axion DM fields to electrons (left) and
nucleons (right). The thick-solid (blue) lines represent atomic clocks, while the thin-solid
(green) line are constraints from magnetometers. The dotted-dashed (orange) lines repre-
sent the bounds from fifth-force experiments [99] (e) and [100] (n). The red dashed lines
represent the bounds coming from energy loss in stars [101]. Finally, the dotted (black)
lines are expected [54] (e) and current [102] (n) laboratory bounds
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Figure 5: Expected bounds on the coupling of axial field DM to electrons (LHS) and
neutrons (RHS) from atomic clocks, thick-solid (blue) line, and magnetometers, thin-solid
(green) line. The red dashed line represents the bound coming from stellar energy loss
[101].
rest of this section. These two models serve as representative of the spin-velocity and spin-
spin interaction of ordinary and dark matter, cf. table 3. In the limit of heavy mediator
mA˜  mχ one recovers an EFT with operators given in the first two entries of table 1
for the scalar and fermionic case respectively. For the DM spin we will only consider the
case of unpolarized DM. The bounds assuming a fractional polarization are easily retrieved
from our previous formulae and the expressions in this section.
The DM self-interaction is controlled by (gχ,mA˜,mχ). The viscosity cross section of DM-
DM processes, with the forward divergences removed [11] and in the non-relativistic Born
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approximation, reads in the two models :
σVχχ ≡
∫
dΩ sin2 θ
dσ
dΩ
=
(gχ)
4
pim2χv
4
(
y4 + 2y2 + 2
y2(2 + y2)
log
(
1 + y2
)
− 1
)
, scalar χ, (5.1)
σVχχ =
2(gχ)
4
pim2χv
4
(
y4 + 5y2 + 5
y2(2 + y2)
log
(
1 + y2
)
− 60− y
4
24
)
, fermion χ, (5.2)
where y ≡ mχv/mA˜. We note that for the fermionic case the longitudinal mode in A˜µ
necessarily contributes (chiral symmetry is broken by a massive fermion ∂µ(χ¯γ
µγ5χ) 6= 0)
but not in the scalar case19. If χ constitutes all the DM, the previous cross-section is
bounded by [103]:
σχχ/mχ . 1 cm2/gr . (5.3)
In the limits of heavy or light mediator of the scalar case, this translates into the bounds
(gχ)
2 <
 3× 10
−18 (mχ
eV
)3/2 1√
log(y)
, mA˜  mχv,
0.2
√
keV
mχ
( mA˜
MeV
)2
, mA˜  mχv,
(5.4)
whereas for the fermionic case a bound like the one for the mA˜  mχv case above applies
in both y  1 and y  1 regimes due to the contribution from the longitudinal A˜µ mode.
This bound disappears quickly if the field χ does not make up for all the DM. Following
[11, 104], we consider this constraint as irrelevant for ρχ . 0.05 ρDM. When no other
bound exists on gχ, we will saturate it by gχ = 1, which is still a safe choice regarding
the applicability of our perturbative calculation. Other considerations we made so far
should be also revisited if ρχ < ρDM. A modified Tremaine-Gunn constrain may also apply
for fermionic DM. For instance, assuming that the component χ is virialized in the DM
halos one can estimate mχ & 100 (ρχ/ρDM)1/4eV. Also the scale at which the occupation
number is bigger than unity is modified as shown in (3.25). Finally, the number of particles
interacting with the clock is also different, recall (4.7). This affects the value of the mass
for which the averaging of the spin may be relevant or where the number of interactions
drop below one. These considerations are taken into account in the following when we
consider cases with ρχ < ρDM.
The bounds on the couplings of the mediator to SM fields rely on many observations, with
the leading constraint varying with mA˜. For mediators with sub-GeV masses, there are very
strong constraints from astrophysics, in particular star and SN cooling; for masses above
the GeV, the dominant bounds come from accelerator experiments where SM particles
decay to (or collide to produce) the mediator, setting g2ψ/m
2
A˜ . GF [62, 63].
With both sets of constraints, one can derive bounds on the DM-SM couplings (gχ, gψ) as a
function of the masses mχ and mA˜. In contrast, in the EFT limit of the model the couplings
19
The breaking of the symmetry in the SM sector will, at some loop order, leak into the DM and break
the symmetry there, but since this is model dependent we do not pursue this possibility.
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Figure 6: Left: Expected constraints on DM-electron coupling Ge ≡ gegχ/m2A˜ for the
scalar DM case with a heavy mediator (mA˜ ≥ 0.1 GeV) from atomic clocks – thick-solid
(blue) line–, magnetometers – thin-solid (green) line–, and DM pair emission in stars –
dashed (red) line. Right: Expected bounds on the product of DM and electron couplings
of the mediator A˜ with mass mA˜ = 10mχ; same line color coding, with the star cooling
bound coming from A˜ emission.
and masses appear in the combination gχ,ψ/mA˜ and one can constrain the effective DM-SM
coupling gχgψ/m
2
A˜ as a function of mχ alone.
DM-electron interactions
The cross-section of DM with electrons at small DM masses is constrained from many
different sources, see e.g. [10, 11, 26, 98, 105–107]. We have already remarked that for
mA˜ ≤ 0.1 GeV star and SN cooling set the strongest constraints on ge. In the opposite
regime, production at LEP though e+e− → γA˜µ sets ge < 10−4; however, for this range of
mA˜ the bound on (5.4) is very weak. A tighter constrained arises from extending the star
cooling constraints by considering the emission of χχ† pairs. In particular cooling through
eγ → eχχ† gives an energy loss rate per unit mass:
χχ =
240α
pi4
Ye
G2eT
8
∗
mNm
2
e
' erg g−1s−1
(
T∗
108K
)8 G2e
G2F
, (5.5)
with Ge ≡ gegχ/m2A˜, T∗ the star temperature and Ye the ratio of electrons to nucleons.
The previous quantity should satisfy χχ . 10 erg g−1s−1 [106], which we conservatively
implement as Ge < GF . When compared with (4.18) and (4.35), and recalling the suppres-
sion of O(10−3) of the electronic case, these expressions set competitive bounds for heavy
mediators. We show the cases mA˜ = 0.1 GeV and mA˜ = 10mχ, where these bounds are
relevant till mχ ≤ 10−10eV, as fig. 6 displays. These small masses are only compatible with
bosonic DM, at least for substantial DM fractions.
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DM-nucleon interactions
The nucleon case has the same type of constraints as electrons for mA˜ ≤ 0.1 GeV, whereas
above this value constraints from flavour violating decays of Kaon and B mesons [63] into
the mediator + SM take over. For masses mA˜ >GeV the constraint (5.4) is not relevant,
and GN ≡ gNgχ/m2A˜ is better bound via invisible decays mediated by A˜µ. Given that we
only assume couplings to u and d, the pion invisible decay gives the strongest constraint:
Γpi→χχ =
f2pim
3
pi(gu − gd)2g2χ
pi(m2A˜)
2 ≤ 10−15 GeV. (5.6)
In the case of heavy mediator (mA˜ > mχv ), the sensitivity of magnetometers and atomic
clocks to GN is competitive for mχ ≤ 10−5 eV as shown in fig. 7.
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Figure 7: Left: Expected constraints on DM-neutron coupling Gn ≡ gngχ/m2A˜ for the
scalar DM case with a heavy mediator (mA˜ ≥ 0.1 GeV) from atomic clocks –thick-solid
(blue) line –, magnetometers – thin-solid (green) line–, and DM pair emission in stars –
dashed (red) line. Right: Expected bounds on the product of DM and neutron couplings
of the mediator A˜ with mass mA˜ = 10mχ; same line color coding, with star cooling bound
coming from A˜ emission.
Our results also imply relevant constraints for higher DM masses in the case of a light
mediator, mA˜  mχv. The comparative improvement is due to the propagator of the me-
diator, 1/(q2 +m2A˜), being enhanced in the forward limit (q→ 0) (that co-magnetometers
and atomic clocks are sensitive to) with respect to the case of momentum transfer which
typically has q ∼ mχv. Remarkably this is true for both velocity and spin dependent
couplings. If one further assumes ρχ < ρDM so that the bound on gχ is relaxed, higher
DM masses can be reached with a smaller hierarchy in mA˜/mχ. For instance, in fig. 8 we
show the velocity-dependent20 case with ρχ = 0.05 ρDM and mA˜ ∼ 10−7 eV compared to
20
These bounds are derived assuming an asymmetry in particle-antiparticle for DM which results in a
net result proportional to the average velocity. If this asymmetry is absent, one can apply similar ideas as
those for the spin-dependent (non-coherent) situation described below.
– 34 –
the strongest constraint, again SN/star cooling via production of the longitudinal mode
of A˜µ. Recall from the paragraph above (4.9) that for these light mediator masses the
atom ‘senses’ DM within a radius 1/mA˜ and the average is over the velocity of nχ/m
3
A˜ DM
particles. To compare with other bounds for light mediators we plotted
σ¯N ≡
(gNgχ)
2
4pi
µ2χ−N(
m2A˜ + v
2m2χ
)2 , σ¯vN ≡ σ¯Nv2, (5.7)
for the spin-dependent case and velocity-dependent case respectively.
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Figure 8: Expected constraints on DM-neutron cross-sections for DM masses correspond-
ing to the particle regime. Both panels show cases ρχ = 0.05 ρDM and gχ = 1. Left panel:
scalar case with mediator mass mA˜ = 10
−7 eV. Same colour code as in fig. 7. Right panel:
fermionic DM case with mA˜ = 10
−13eV. The gray area is the Tremaine-Gunn bound for
this ρχ.
The case of fermionic DM (with spin dependent coupling) can also be constrained from our
methods in the limit of light mediator. If there is a net polarization of the DM particles
one can recycle the velocity-dependent results via the substitution v → 〈λχ〉 and hence
rescale the bounds on cross section by a factor (〈λχ〉/v)2 (which is to say the plot on the
left of fig. 8 corresponds to a per-mile polarization). The effect of the unpolarized part
of the signal is suppressed by the averaging over the number of scatterings and atoms as
described in secs. 4.1.1 and 4.2.1. In particular, the effect is suppressed by Nsc on both
the two possible regimes: if Nsc > 1 there will be a statistical average of 1/
√
Nsc while
if Nsc < 1 the effect is linearly suppressed with Nsc, since only this fraction of the atoms
in the sample are affected. On the other hand depending on whether every atom sees
different or common DM particles to the rest of atoms an extra suppression of 1/
√
Nat
or 1/(Lmχv) is present as is the case for atomic clocks and magnetometers respectively.
This effect is understood as a noise contribution to each measurement and is independent
of daily modulation. As an example where our results may be interesting, we show the
bounds in the right panel of fig. 8 for the case with ρχ = 0.05 ρDM and mA˜ ∼ 10−13 eV. We
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remain agnostic about the origin of such a hierarchy of masses in the dark sector. One sees
that co-magnetometers still do better than atomic clocks with the peak sensitivity given
by Nsc ∼ 1 itself dictated by the time of exposure of the measurements. In the case of light
mediator there is an effect from DM particles within 1/mA˜ on top of the interactions with
those that pass within 1/mχv. However, for the un-polarized case and parameters of the
plot this effect averages out very efficiently.
6 Cosmic neutrinos
Given their sensitivity to backgrounds of low-mass particles, it is natural to explore to which
extent atomic clocks and magnetometers are affected by astrophysical neutrinos. Some
early ideas in this direction can be found in [108]. The background of neutrinos on Earth
has different sources and fluxes depending on the energy scale: at low energies the dominant
source is the cosmic neutrino background while at higher energies neutrinos coming from
the Sun dominate [56]. Neutrinos interact via weak interactions, which include the 4-
fermion axial vector interactions we described in table 1 with Gψ ≈ GF . All our formulae
are valid in the non-relativistic limit, which is satisfied by at least a major component
of cosmic neutrinos [109]. Their translation into the relativistic case is straightforward.
Independently of other considerations that may reduce the total effect (e.g. the polarization
of the background, degeneracies, etc.) recall from eqs. (4.6), (4.29) that the phase of the
system under study is modified with the flux per unit area and time F times the scattering
amplitude fν ∼ √σν as
∆ϕ ' F
pν
√
σνT ' F
GFEν
pν
T, (6.1)
where we have used σν ∼ G2FE2ν . This estimate displays two promising features: i) the
effect is enhanced by a factor 1/v in the non-relativistic case, ii) the effect is coherent
and linear in GF . This process is an application of the Stodolsky effect [110, 111]; other
effects are proportional to the G2F and hence further suppressed. The expression (6.1)
shows that the set-ups we described could probe the most abundant source of neutrinos,
regardless of their energy. The flux for cosmic neutrinos is 1012 cm−2s−1 [112], while for
solar neutrinos the number is 1011cm−2s−1 [56]. After considering the typical velocity of
these backgrounds, we obtain the phase shifts:
∆ϕ ∼ 10−18
(
T
s
)
[cosmic neutrinos]; ∆ϕ ∼ 10−22
(
T
s
)
[solar neutrinos]. (6.2)
Co-magnetometers are sensitive to ∆ϕ ∼ 10−9 T/s, while atomic clocks can reach a sensi-
tivity of ∆ϕ ∼ 10−5 T/s. Thus, independently of other difficulties we discussed, the effects
of astrophysical neutrinos are many orders of magnitude away from the accuracy of current
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devices. These numbers are not so pessimistic in the context of other attempts to detect
coherent effects of the cosmic neutrino background, see e.g. [111, 113]. On a positive note,
there is ample space for exploration of DM signals.
7 Summary and future prospects
As current DM searches return null results, the conventional ideas for DM are being re-
vised, triggering extensions of paradigmatic models and new possibilities altogether. The
theoretical landscape is naturally broadened towards candidates with masses well below the
GeV. For the heavier end of this spectrum, thermal production in the primordial Universe
is still viable whereas lighter DM can arise via freeze-in, a misalignment mechanism or
other out-of-equilibrium processes. In practice, one can populate the whole mass spectrum
down to the lightest (bosonic) viable candidate of mass mχ ∼ 10−21 eV. Testing these well-
motivated DM models requires experimental techniques beyond the use of recoil of matter
produced by DM collisions. Indeed, the deposited energy for a target of mass mT scales as
∼ (mχv)2/mT and hence lighter candidates are soon below experimental thresholds. DM
does however leave an imprint on matter in certain zero momentum transfer processes,
which are natural places to look for light candidates. This work considered two concrete
examples: atomic clocks and magnetometers.
Atomic clocks measure the transition frequency between two hyperfine split states to great
accuracy via interference effects. DM coupled to the spin of matter affects this interference
for polarized samples even if there is no momentum transfer. Atomic magnetometers
monitor the precession of atomic angular momenta under a magnetic field. This precession
is affected by DM when it couples to spin since it contributes to the Zeeman splitting.
These effects are daily modulated when the DM current is coherent on the scale of days
(the angle between the DM and the spin of the sample changes as the Earth rotates). They
may also generate an irreducible source of noise in the experiment if they are not coherent.
Our results are qualitatively summarized in fig. 9. In the horizontal axes we show the span
in DM mass to which atomic clocks and magnetometers are sensitive. It includes different
regimes. The ‘particle regime’ refers to the masses for which the DM-SM interaction is
described as a scattering process. The ‘field regime’ refers to the masses for which a
description of SM particles interacting with a DM ‘field’ is appropriate. The loose frontier
between these two regimes is a few eV and it scales with ρχ if the species χ does not make
up all of the DM, cf. eq. (3.25). Even if our calculations were performed deep in these two
regimes, we found that the formulas can be extrapolated within regimes straight-forwardly.
To explain the rest of relevant mass thresholds, we introduce the observable shown in the
– 37 –
p
Nat
<latexit sha1_base64="GIsoIoDPRmfb9Y/3dp/nFSsVa4Q=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP RiyepYGuhDWWz3bZLN5t0d1IoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC2IpDLrut1NYW9/Y3Cpul3Z29/YPyodHTRMlmvEGi2SkWwE1XArFGyhQ8lasOQ0DyZ+C0e3Mf5pwbUSkHnEacz+kAyX6glG0kt8xY43pfTelmGXdcsWtunOQVeLlp AI56t3yV6cXsSTkCpmkxrQ9N0Y/pRoFkzwrdRLDY8pGdMDblioacuOn86MzcmaVHulH2pZCMld/T6Q0NGYaBrYzpDg0y95M/M9rJ9i/9lOh4gS5YotF/UQSjMgsAdITmjOUU0so08LeStiQasrQ5lSyIXjLL6+S5kXVc6vew2WldpPHUYQTOI Vz8OAKanAHdWgAgzE8wyu8ORPnxXl3PhatBSefOYY/cD5/AIdQkpQ=</latexit><latexit sha1_base64="GIsoIoDPRmfb9Y/3dp/nFSsVa4Q=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP RiyepYGuhDWWz3bZLN5t0d1IoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC2IpDLrut1NYW9/Y3Cpul3Z29/YPyodHTRMlmvEGi2SkWwE1XArFGyhQ8lasOQ0DyZ+C0e3Mf5pwbUSkHnEacz+kAyX6glG0kt8xY43pfTelmGXdcsWtunOQVeLlp AI56t3yV6cXsSTkCpmkxrQ9N0Y/pRoFkzwrdRLDY8pGdMDblioacuOn86MzcmaVHulH2pZCMld/T6Q0NGYaBrYzpDg0y95M/M9rJ9i/9lOh4gS5YotF/UQSjMgsAdITmjOUU0so08LeStiQasrQ5lSyIXjLL6+S5kXVc6vew2WldpPHUYQTOI Vz8OAKanAHdWgAgzE8wyu8ORPnxXl3PhatBSefOYY/cD5/AIdQkpQ=</latexit><latexit sha1_base64="GIsoIoDPRmfb9Y/3dp/nFSsVa4Q=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP RiyepYGuhDWWz3bZLN5t0d1IoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC2IpDLrut1NYW9/Y3Cpul3Z29/YPyodHTRMlmvEGi2SkWwE1XArFGyhQ8lasOQ0DyZ+C0e3Mf5pwbUSkHnEacz+kAyX6glG0kt8xY43pfTelmGXdcsWtunOQVeLlp AI56t3yV6cXsSTkCpmkxrQ9N0Y/pRoFkzwrdRLDY8pGdMDblioacuOn86MzcmaVHulH2pZCMld/T6Q0NGYaBrYzpDg0y95M/M9rJ9i/9lOh4gS5YotF/UQSjMgsAdITmjOUU0so08LeStiQasrQ5lSyIXjLL6+S5kXVc6vew2WldpPHUYQTOI Vz8OAKanAHdWgAgzE8wyu8ORPnxXl3PhatBSefOYY/cD5/AIdQkpQ=</latexit><latexit sha1_base64="GIsoIoDPRmfb9Y/3dp/nFSsVa4Q=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP RiyepYGuhDWWz3bZLN5t0d1IoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC2IpDLrut1NYW9/Y3Cpul3Z29/YPyodHTRMlmvEGi2SkWwE1XArFGyhQ8lasOQ0DyZ+C0e3Mf5pwbUSkHnEacz+kAyX6glG0kt8xY43pfTelmGXdcsWtunOQVeLlp AI56t3yV6cXsSTkCpmkxrQ9N0Y/pRoFkzwrdRLDY8pGdMDblioacuOn86MzcmaVHulH2pZCMld/T6Q0NGYaBrYzpDg0y95M/M9rJ9i/9lOh4gS5YotF/UQSjMgsAdITmjOUU0so08LeStiQasrQ5lSyIXjLL6+S5kXVc6vew2WldpPHUYQTOI Vz8OAKanAHdWgAgzE8wyu8ORPnxXl3PhatBSefOYY/cD5/AIdQkpQ=</latexit>
field regime particle regime
se
n
si
ti
v
it
y
to
| 
H
|
‘AC’
p
⇢  v cos(m t)/fa g
p
⇢  |~✏| cos(m t)/m 
G n  v
‘DC’
G n   
T 1coh, exp T
 1 T 1coh msc/med m 
Figure 9: Qualitative depiction of the sensitivity to the contribution to the energy dif-
ference (frequency) in the di↵erent regimes and types of DM coupling. Solid (dashed)
lines correspond to bosonic (fermionic) DM candidates, the scaling is merely symbolic and
meant to represent a loss of sensitivity at the di↵erent thresholds Ti , see sec. 5 for plots.Fig:Concl
In this case, the interaction can be considered long-range and all DM particles within a
1/mA˜ radius generate a potential term for the atom. In the ‘heavy mediator’ case only the
DM passing within a distance (m v)
 1 interacts with the atom.
To explain the rest of mass scales, we introduce the observable shown in the vertical axes
of fig. 9. This is the e↵ective energy split induced by certain DM-SM interactions,
 H = C ~J  · ~ , (7.1)
where ~  represents the spin of the matter state, ~J  is a DM current and C sets the interac-
tion strength and can depend on time. Di↵erent DM models generate di↵erent possibilities
depending on the type of coupling and state of DM:
i) Type of coupling. On general grounds, DM can couple to ~  either through its relative
velocity or its spin (in the limit of negligible momentum transfer):
~J  =
(
~v , DM wind ,
~   , DM noise .
(7.2)
Although the velocity-dependent interaction has a v ⇠ 10 3 suppression, it has a
non-zero average which is not the case for a spin-dependent interaction when there
is no net polarization. Hence one can entertain the thought of the two cases as DM
wind which we would seek with a ‘vane’ or DM noise which would turn up in the
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Figure 9: Qualitative depiction of the sensitivity to the contribution to the energy dif-
ference (frequency) in the different regimes and types of DM coupling. Solid (dashed)
lines correspond to bosonic (fermionic) DM candidates, the scaling is merely symbolic and
meant to represent a loss of sensitivity at the different thresholds Ti , see sec. 5 for plots.
vertical axes of fig. 9. This is the effective energy split induced by DM-SM interactions,
∆H = C ~Jχ · ~λ, (7.1)
where ~λ represents the spin of the matter state, ~Jχ is a DM current and C sets the inter-
action strength and is in general time dependent. Different DM models generate different
possibilities dep nding on e typ of coupling and state of DM:
i) Type of coupling. On general grounds, DM can couple to ~λ either through their
relative velocity or its spin (in the limit of negligible momentum transfer):
~Jχ =
{
~v , DM wind ,
~λχ , DM noise .
(7.2)
Although the velocity-dependent interaction has a v ∼ 10−3 suppression, it has a non-
zero average which is not the case for a spin-dependent interaction unless there is a
net polarization. One can entertain the thought of the two cases as DM wind which
e would seek with a ‘vane’ or DM noise which would turn up the experiment.
The question of averaging leads to the abundance of DM and in turn to the state of
DM, the next point.
ii) State of DM. It affects the time dependence of the coefficient C and the average 〈 ~Jχ〉:
a) Field regime: in the ultralight mass region, DM acts as a coherent field oscillating
with frequency mχ with a coherence lasting 10
6 oscillations. If DM couples
– 38 –
linearly to matter as in the axial boson cases, C itself oscillates with the same
period. In the case of quadratic coupling, the interaction Hamiltonian can have a
DC component as we find in the EFT case. The sensitivity therefore depends on
the typical time of measure in the experiment T ; for masses above T−1 sensitivity
to the AC case worsens whereas for even higher masses, when coherence does
not last throughout a measurement, mχ > (Tv
2)−1 ≡ T−1coh, sensitivity to the
DC spin coupling case worsens. This dependence of C on DM properties is made
explicit in fig. 9.
b) Particle regime: in this case, it is useful to think of the atom as traversing the
DM medium and experiencing matter effects as neutrinos do when they travel
through ordinary matter. The relevant quantity is then the effective potential,
proportional to nχ〈Jχ〉. This average is different for the cases of heavy or light
mediator A˜, the boundary of these cases being mA˜ ∼ mχv. In the former case,
this is related to the number of particles that go through the atom Nsc, while in
the second case one should consider the particles passing within a radius 1/mA˜.
The spin or velocity coupling cases hence differ quite drastically: for the latter
there is a net effect, the DM wind, whereas for the former there is an averaging-
out and loss of sensitivity unless there is a net polarization. In the totally
unpolarized case, the DM effect can be understood as an irreducible source of
noise, ∝ 1/√Nsc. The upper threshold in both spin and velocity dependent
cases is the mass scale when a single atom barely sees DM particles, Nsc ∼ 1
or nχ/m
3
A˜ ∼ 1 which define msc and mmed (see sec. 4.1.1) in fig. 9. A final
consideration for the evaluation of net current 〈Jχ〉 is that experiments have
a number of atoms (typically 106 for atomic clocks and a macroscopic sample
for magnetometers) which leads to further averaging effects as discussed in in
secs. 4.1.1 and 4.2.1. An extra consideration in this case is how many atoms
does a single DM particle see as it goes through the sample.
The effects summarized in the previous points and in fig. 9 generate competitive bounds to
several DM models that we illustrated in figs. 4, 5, 6, 7 and 8. In all these plots green (thin
solid line) represents the bounds from magnetometers while blue (thick blue line) are those
from atomic clocks. Present bounds are shown with a different color scheme. The lesson is
clear: both experiments are very sensitive at low masses, and probe regions of parameters
previously unconstrained. Magnetometers are more powerful in the determination of total
phase shifts, and hence tend to yield better constraints. Still, both technologies are quite
independent and it makes sense to explore them simultaneously.
There are many future developments possible. It would be interesting to perform the ex-
periments with the atomic clocks in the configuration here suggested (mF 6= 0) to provide
realistic constraints. On the same footing, it would be interesting to reanalyze the data
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from co-magnetometers including the DM effects we discussed. It is also worth considering
whether other experiments sensitive to differences in atomic phases can yield bounds on
couplings to other SM currents. As an example, the phase shift generated in two pop-
ulations of different momentum could generate bounds on vector couplings. Given the
sensitivity shown above, one could also consider to use clocks or magnetometers as detec-
tors in certain particle physics set-ups, as in BSM models where the particle background
need not be DM. Finally, we have been rather naive about cosmological consequences of
the models we considered. It would be desirable to understand which models are pre-
ferred when put in a more complete cosmological context, see e.g. [115] for a study in this
direction.
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A Quantum Field Theory and Scattering conventions
Our convention for the metric is (+,−,−,−). We write the fields (bosonic or fermionic) as
Φa =
∫
d3p
2Ep(2pi)
3
(
αaape
−ipµxµ + βab
†
pe
ip
µ
xµ
)
, (A.1)
where α, β carry the index associated to the Lorentz representation of the field, i.e. they
are 1 for scalars, spinors u, v for fermions and polarization vectors µ for vector bosons.
We split the scattering matrix for momentum eigenstates in the non-relativistic limit as
S(pχ pAt →p′χ p′At) =〈
p′P′|p P〉− i(2pi)4δ(p2/2µ− p′2/2µ)δ(3)(P′ −P)T (p′,P′,p,P) , (A.2)
where one-particle momentum states are defined as
|p〉 = 1√
2Ep
a†p|0〉, (A.3)
with a†p a creation operator. Creation and annihilation operators satisfy[
ap , a
†
k
]
±
= 2Ep(2pi)
3δ(3)(p− k), (A.4)
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where ± represents commutator or anti-commutator depending on the spin of the particle.
The normalization of momentum states is
〈p|k〉 = (2pi)3δ(3)(p− k), (A.5)
and the measure in momentum space is d3p/(2pi)3. These conventions differ from custom
in particle physics, and in particular T is related to the Lorentz invariant matrix element
M by factors of √2Ep for each external particle. We define f as,
f(p′,p) = − µ
2pi
T (p′ ,p) , (A.6)
where we have suppressed the dependence on P of the matrix element T . Its connection
to the scattering process can be read from (3.6). In the Born approximation,〈
P′,p′|Hint|P ,p
〉
= (2pi)3δ(3)(P′ −P)T (p′,P′,p,P) , (A.7)
where Hint is the interacting Hamiltonian built out of the Lagrangian in eqs. (2.1).
For the computation of T we require the evaluation of currents in the states of (A.3) as
given in eq. (3.13) both for the DM and SM pieces. With the conventions here provided
and in the limit q → 0 the evaluation is straightforward and given in tabs. 3 and eq. (3.14)
for DM and a free fermion. The states of interest are atoms. The expressions for the
scattering amplitude for each of the two hyperfine split states in them are:
f1(0) =
mχ
pi
~Jχ · ~λ
(
2F + 1
2F
gNNclG
a
N −
1
2F
Ge
)
,
f2(0) =
mχ
pi
~Jχ · ~λ
(
2F − 1
2F
gNNclG
a
N +
1
2F
Ge
)
,
(A.8)
where ~λ is the average spin of the atom (the same for the two states which can be taken
to be (0, 0, λ)).
Another standard result of scattering theory is the relation between the scattering cross
section and the amplitude of forward scattering. In particular, the optical theorem relates
the imaginary part of the scattering element to the total cross-section [66]. For our set-up,
the observables of interest (4.6) and (4.27) depend on the real part of the difference in
forward amplitudes21
Re[f¯1(0, pχ)− f¯2(0, pχ)], (A.9)
whose connection to the cross-section can be established as follows. Let us first introduce
a partial-wave expansion for the amplitudes [66],
f(0, k) =
∞∑
l=0
(2l + 1)fl(k), (A.10)
21
In the main text, in particular from (3.10) onwards, we did not include an explicit dependence on pχ
in this quantity for presentation purposes.
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where the subindex l refers to the decomposition of the amplitude in Legendre polynomials.
From unitarity
fl(k) =
eiδl sin δl
k
, (A.11)
with δl real. Thus, at order O(δl), fl ∼ δl/k, which is real.
B Contribution of the electronic wave-function
To evaluate the contribution of the unpaired electron to the matrix element in an alkali
atom, one needs to consider the corresponding wave-function. For instance, taking the
5s wave-function of 87Rb and approximating the atom to be at rest before and after the
scattering:
Te =
∫
d3k
(2pi3)
d3k′
(2pi)3
ψˆ∗5s(k
′)ψˆ5s(k)2Ge~Se · ~Jχδ(3)
(
k + p− k′ − p′) (2pi)3
=
∫
d3xψ∗5s(x)ψ5s(x)e
ix(p−p′)2Ge~Se · ~Jχ. (B.1)
Since the momentum carried by the electron22 in the final state p¯e is a fraction ∼ me/mNcl
of the total momentum we can neglect it and evaluate the space integral∫
d3xψ∗ns(x)ψns(x)e
i(p−p′)x = 4
∫ ∞
0
dz z2e−2z
sin(pˆz)
pˆz
, (B.2)
where pˆ ≡ a0|p− p′|, with a0 = 2.68× 10−4/eV the Bohr radius. This factor is very close
to unity for DM masses below GeV. In addition in our set-ups we are sensitive to forward
scattering, a limit in which there is no momentum transfer and the previous integral reduces
to
∫
d3x|ψ(x)|2 = 1.
C Light mediator and effective potential
The case of light mediator, i.e. interaction length greater than de Broglie wavelength,
1/mA˜  1/mχv, presents some qualitative differences which nonetheless do not translate
into quantitative differences in our estimates. In particular in this case DM particles within
a distance 1/mA˜ source a potential for matter. Given the interaction of (2.4) in the NR
limit one has:
V = − ~Jψ ·
∫
d3xnχ(x)
gχgψ
4pi|x|e
−|x|mA˜ ~Jχ(x) = −
2gχgNnχ
m2A˜
〈 ~Jχ〉 · ~λψ , (C.1)
where the average is over nχ/m
3
A˜ particles. The result reads like the effect of scatter-
ing (4.10) and the field regime contribution to the Hamiltonian (3.31) for light mediator,
22
As discussed, we neglect ionization.
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i.e. Gψ → gψgχ/m2A˜, and hence in both cases the contact interaction limit extends to light
mediator.
D Coherently oscillating DM and magnetometers
The treatment of oscillating magnetic-like fields is also standard in quantum mechanics.
Let us treat the interaction (3.31) as a perturbation to the standard Larmor oscillations
generated by (4.24), ~λ(t) = ~λ0(t) + δ~λ where
~λ0(t) = cos(γBt)~λ(0) + sin(γBt)~λ(0) ∧ ~uB + (1− cos(γBt))~uB(~uB · ~λ(0)). (D.1)
For the axion case in (3.32) we find,
δ~λ =
Cψ
√
2ρχ
fa
[(
sin((ma + γB)t)
ma + γB
+
sin((ma − γB)t)
ma − γB
)
~λ(0) ∧ ~v (D.2)
+
(
cos((ma + γB)t)
ma + γB
− cos((ma − γB)t)
ma − γB
)
(~v(uB · λ(0))− ~uB(v · λ(0)))
+
(
2 sin(mat)
ma
− sin((ma + γB)t)
ma + γB
− sin((ma − γB)t)
ma − γB
)
~λ(0) ∧ ~uB(uB · v)
]
,
with ~λ(0) the total spin at t = 0. The axial vector boson case is obtained by substituting
−Cψ~v/(2fa) → gAψ~/mA. One can see that if the axion mass is well below Zeeman’s
energy splitting the first term of the last parenthesis in (D.2) dominates and there is a
suppression with the mass m−1a . This effect will be relevant for masses above the inverse
of the typical measurement time of the experiment. As discussed in sec. 4.2.2, the He-Xe
co-magnetometer is based on runs of several hours and a total time of 106s to achieve
its sensitivity. This means that a suppression at ma ∼ 10−20eV is expected unless one
reanalyses the data (the spin is monitored at much shorter times by SQUIDS), see also
[54]. For K-He magnetometers, the polarization of the electrons is measured in time scales
that may be pushed to ms, while data from 143 days is used for the final sensitivity.
However, the signal is not suppressed in each measurement, and one can get sensitivities
of 2 fT/
√
Hz [52]. This means that masses as high as ma ∼ 10−12eV can be constrained.
E Dark matter currents and preferred frame effects
In some of the models we described the effect of DM in the clocks or magnetometers is
equivalent to that of a constant background vector field anomalously coupled to spin. The
presence of such a frame has been constrained in different studies motivated by models
that violate Lorentz invariance, e.g. [116]. In particular, the co-magnetometers of [52]
and [53, 97] were used to test the coupling ψ¯γµγ5ψbµ with bµ being a constant 4-vector. In
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our case, the DM currents are the source of Lorentz violation. In the NR limit, the explicit
connection is shown in table 5.
EFT Axion Axial Vector
~b
ρχ
mχ
Gχ〈 ~Jχ〉
Cψ
√
2ρχ
fa
〈~v cos(mat)〉
2gψ
√
2ρχ
mA
〈Re(~ cos(mat))〉
Table 5: DM currents and preferred frames
The estimates of sec. 4.2.3 are a translation of the bounds b < 8.4× 10−34 GeV of [53] and
b < 3.7 × 10−33 GeV from [52]. We assume (for convenience) that the oscillating function
in the axial cases of table 5 is equal to one. This assumption is justified, since even in
the lightest cases one could run campaigns at different times of the year to explore the
different phases of oscillation. For the cases where the current oscillates, the connection to
the bounds is more subtle, see sec. D and [54].
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